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REGULARITY OF WEAK SOLUTIONS TO THE
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OVERLAPPING AND MEASUREMENT OF MOVING
SINGULAR SET
JIAN ZHAI
DEPARTMENT OF MATHEMATICS, ZHEJIANG UNIVERSITY, HANGZHOU 310027, PRC
Abstract. We investigate the regularity of weak solutions to the Navier-
Stokes equations. Particularly we address the question as to whether the mag-
nitude of (∫
{|η|≥Tβ−
1
2 }
|F [u0](η)|2dη
) 1
2
of the initial data provides a criterion which excludes blow-up solutions at T .
We prove that there is δ > 0 such that if the integration is less than δT
1
4 for
some β ∈ (1
3
, 1
2
), then the smooth solution on R3 × (0, T ) can be extended
smoothly over T . Moreover, by new methods of frequency overlapping and
measurement of moving singular set, we prove that the Leray-Hopf solution
with L2(R3) data is regular.
1. Introduction
Consider the Navier-Stokes equations
(1.1)


∂tu−∆u+ u · ∇u+∇p = 0, in R3 × (0, T )
divu = 0, in R3 × (0, T )
u(x, 0) = u0(x), in R
3
where u and p denote the unknown velocity and pressure of incompressible fluid
respectively. In this paper, we investigate the regularity of weak solutions to the
Navier-Stokes equations. Particularly we address the question as to whether the
magnitude of ∫
{|η|≥Tβ−12 }
|F [u0](η)|2dη (β < 1
2
)
of the initial data provides a criterion which excludes blow-up solutions at T .
We call u is a smooth solution in R3 × (0, T ) to (1.1) if it is a weak solution
of (1.1) and u ∈ C∞(R3 × (0, T )). The main result of the present paper is the
following
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Theorem 1.1. There is δ > 0 such that if u0 ∈ L2(R3) satisfies
(1.2) ‖u0‖L2 ≤ δ,
and u is a smooth solution to the problem (1.1) in R3 × (0, T ), then u can be
extended smoothly to R3 × (0, T ].
For all u0 ∈ L2(R3) so that divu0 = 0, Leray(1934)[35] and Hopf(1951)[28]
obtained the global existence of weak solution, which now is called the Leray-
Hopf solution. Precisely, it is a weak solution of (1.1) satisfying
(1) u ∈ L∞(0, T ;L2(R3)) ∩ L2(0, T ;H1(R3)),
(2) divu = 0 in R3 × (0, T ),
(3)
∫ T
0
∫
R3
{−u · ∂tφ+∇u · ∇φ+ (u · ∇u) · φ}dxdt = 0
for all φ ∈ C∞0 (R3 × (0, T )) with divφ = 0 in R3 × (0, T ).
Notice that for any t1 > 0, there is t0 ∈ (0, t1) such that the Leray-Hopf solution
u(·, t0) ∈ H1(R3). With the initial data u(x, t0), the Leray-Hopf solution u(x, t)
is smooth at least in a short time interval (t0, t2) (see [35][44]). In the present
paper we are asserting that the solution can not blow up at the end of this short
time interval provided
(1.3)
(∫
{|η|≥(t2−t0)β−
1
2 }
|F [u](η, t0)|2dη
) 1
2
≤ δ(t2 − t0) 14 for some β < 1
2
.
Because this condition is not invariant by scaling, we discover that the solution
can not blow up provided ‖u(t0)‖L2 is small enough.
Furthermore, from Leray’s theorem (see also [44]), there is a disjoint open
interval sequence {Jq}q in (0,∞) such that the Lebesgue measure of (0,∞)\∪qJq
is zero, and the Leray-Hopf solution u can be modified on a set of Lebesgue
measure zero so that its restriction to each R3 × Jq becomes smooth. The time
T in Theorem 1.1 may be considered as the right-side of an open interval Jq.
From the foregoing argument, we can see that the Leray-Hopf solution u can be
extended smoothly over the right-side of Jq provided (1.2) is satisfied. So we get
that u is smooth from the left-side of the open interval Jq. Since the Lebesgue
measure of (0,∞) \∪qJq is zero, if (1.2) is satisfied for all T > 0 then we get that
for all t > 0, the Leray-Hopf solution u(x, t) is smooth.
Note that for the initial data u0 ∈ Lp(R3) with divu0 = 0 and p > 3, the
estimates from below near the blow-up time T
‖u(t)‖Lp ≥ C
(T − t)(p−3)/2p
with constant C independent of T and t was given by Leray [35]. Similar estimates
for bounded domain was proved by Giga [19]. Leray also gave the estimate from
below for ‖∇u(t)‖L2 and ‖u(t)‖L∞ near the blow-up. For bounded domain, Foias
and Temam [15] gave the corresponding estimate for ‖u(t)‖H1 .
2
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Since Leray(1934)[35] and Hopf(1951)[28] proved the global existence of weak
solutions to the Navier-Stokes equations, the question of the uniqueness and reg-
ularity of weak solutions has been a major problem in applied analysis. Over the
years there has been intensive work by many authors attacking this problem. In
1984, T. Kato discovered the existence of global smooth solution with small initial
data in L3. Its uniqueness was proved by Furioli, Lemarie´-Rieusset and Terraneo
[17]. The global solution in H˙1/2 was investigated by Fujita and Kato [16], which
was extended to the Morrey space by Giga and Miyakawa [25], and extended to
the Besov space B˙
−(1−3/q),∞
q (3 ≤ q < ∞) by Cannone and Planchon [5], as well
as extended to the BMO−1 space by Koch and Tataru[31]. Further related works
can be founded in [3] [10][14][29][32][34][30][40][44][49] and references therein.
This paper is divided into eight sections. In section 2 we will apply the scaling
used in Giga and Kohn [21] to (1.1) and introduce the energy inequality for the
new unknown velocity and its derivatives. In section 3 the unknown velocity
will be decomposed into low- and high-frequency part. The L∞-norm of the low-
frequency part and L2-norm of the high-frequency part will be estimated carefully.
The large-time behavior of the weighted norm will be discovered in Proposition
3.2 under the condition (1.3), that will be utilized for proving the regularity of the
solution at the blow-up time T in section 4. We first recall a frequency decaying
estimate obtained in [2] in section 5, and prove a time-space decaying estimate in
good region in section 6. In section 7, we study frequency overlapping arisen in
the Navier-Stokes equations and measurement of the moving boundary between
good and bad region. In section 8, we will see that the condition (1.3) is satisfied
by scaling.
Motivation 1. Let ϕ ∈ C∞0 (R3, [0, 1]) be a radial symmetrical function satis-
fying
ϕ(ξ) = 1 ∀|ξ| ≤ 1, ϕ(ξ) = 0 ∀|ξ| ≥ 2, ξ · ∇ϕ(ξ) ≤ 0 ∀ξ.
Let α ∈ (0, 1
8
) and define
χ(ξ) =


( |ξ|
1
2
+ α
) 1
2
+2α
, ∀|ξ| ≤ 1
2
+ α
ϕ(ξ), ∀|ξ| ≥ 1
2
+ α.
Let λt := (T − t) 12 and define
∆t−1u(x, t) := F−1[ϕ(λtη)F [u](η, t)],
√
∆t0u(x, t) := F−1[
√
1− ϕ2(λtη)F [u](η, t)]
∆˜t−1u(x, t) := F−1[χ(λtη)F [u](η, t)].
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To see that there is some hope to prove a L2 − L∞ energy inequality that may
be better than the energy inequality in L2(R3), let us consider the integration
(1.4)
(T − t)
2
d
dt
(
(T − t)−12 ‖∆˜t−1u(t)‖2L2 + (T − t)
−1
2 ‖
√
∆t0u(t)‖2L2
)
=
1
4(T − t) 12
(
‖∆˜t−1u(t)‖2L2 + ‖
√
∆t0u(t)‖2L2
)
+
(T − t) 12
2
∫
R3
|F [u](η, t)|2 d
dt
{
χ2(λtη)− ϕ2(λtη)
}
dη
− (T − t) 12
(
‖∇x∆˜t−1u(t)‖2L2 + ‖∇x
√
∆t0u(t)‖2L2
)
+ (T − t) 12
∫
R3
{
ϕ2(λtη)− χ2(λtη)
}F [u](η, t) · F [u · ∇xu](η, t)dη
where ∫
R3
u(x, t) · (u · ∇x)u(x, t)dx = 0
was used. First note that
1
4(T − t) 12 ‖
√
∆t0u(t)‖2L2 ≤
(T − t) 12
4
‖∇x
√
∆t0u(t)‖2L2.
The remainder of the 2nd line and 3rd line are estimated in two cases.
Case 1. λt|η| < 12 + α.
1
4(T − t) 12 χ
2(λtη) + (T − t) 12χ(λtη)χ′(λtη)(−1
2
)(T − t)−12 |η|
=
1
4(T − t) 12 χ
2(λtη)− 1
2
|η|χ(λtη)(1
2
+ 2α)
(
λt|η|
1
2
+ α
)2α− 1
2 1
1
2
+ α
=
1
4(T − t) 12 χ
2(λtη)−
1
4
+ α
(T − t) 12 χ
2(λtη)
=
−α
(T − t) 12 χ
2(λtη).
Case 2. 1
2
+ α ≤ λt|η|.
1
4(T − t) 12 ‖∆˜
t
−1u(t)‖2L2 ≤
(T − t) 12
4(1
2
+ α)2
‖∇x∆˜t−1u(t)‖2L2.
We find that the 2nd line +3rd line +4th line in the right side of (1.4) can be
estimated by
(1.5)
2nd line+3rd line+4th line
≤ −4(α + α
2)(T − t) 12
1 + 4(α+ α2)
‖∇x∆˜t−1u(t)‖2L2 −
3(T − t) 12
4
‖∇x
√
∆t0u(t)‖2L2.
4
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The 5th line in the right side of (1.4) can be divided into two terms. First we
consider
| < (∆t−1)2u, u · ∇xu >=< (∆t−1)2u, u · ∇x
√
∆t0u > |
= | < (∆t−1)2u, (∆t−1)2u+
√
∆t0u) · ∇x
√
∆t0u > |
≤ ‖∇x(∆t−1)2u‖L∞‖
√
∆t0u‖2L2 + ‖∇x(∆t−1)2u‖L4‖(∆t−1)2u‖L4‖
√
∆t0u‖L2 .
Next we consider
| < (∆˜t−1)2u, u · ∇xu >=< (∆˜t−1)2u, (∆t−1)2u+
√
∆t0u) · ∇x(∆t−1)2u+
√
∆t0u) > |
≤ ‖∇x(∆˜t−1)2u‖L∞‖
√
∆t0u‖2L2 + 2‖∇x(∆˜t−1)2u‖L2‖(∆t−1)2u‖L∞‖
√
∆t0u‖L2
+ ‖∇x(∆˜t−1)2u‖L2‖(∆t−1)2u‖2L4.
Note that
‖∇x(∆˜t−1)2u‖Lm ≤ ‖∇x∆t−1u‖Lm.
We utilize Sobolev type embedding inequality (see, Lemma 3.1) and the definition
of χ to find for m ∈ [4,∞],
‖∇x(∆t−1)2u‖Lm ≤ ‖∇x∆t−1u‖Lm
≤ C(α)
(T − t) 34 ‖∇x∆˜
t
−1u‖L2 ≤
C(α)
(T − t) 54 ‖∆˜
t
−1u‖L2.
Then the 5th line in the right side of (1.4 can be estimated by
(1.6) the 5th line ≤ C(α)
(T − t) 34
(
‖∆˜t−1u(t)‖L2 + ‖
√
∆t0u(t)‖L2
)3
.
From (1.4)(1.5)(1.6) we discover
(1.7)
(T − t)
2
d
dt
(
(T − t)−12 ‖∆˜t−1u(t)‖2L2 + (T − t)
−1
2 ‖
√
∆t0u(t)‖2L2
)
≤ −4(α + α
2)(T − t) 12
1 + 4(α + α2)
‖∇x∆˜t−1u(t)‖2L2 −
3(T − t) 12
4
‖∇x
√
∆t0u(t)‖2L2
+
C(α)
(T − t) 34
(
‖∆˜t−1u(t)‖L2 + ‖
√
∆t0u(t)‖L2
)3
.
This is just the L2 − L∞ energy inequality (3.10).
Motivation 2. The L2 − L∞ energy inequality yields an upper bound on
(T − t)−14 ‖∆˜t−1u(t)‖L2 + (T − t)
−1
4 ‖
√
∆t0u(t)‖L2
provided that it is small enough initially. For β ∈ (0, 1
2
), we redivide u as
u(x, t) = uµ
β
t (x, t) + u1−µ
β
t (x, t)
where
uµ
β
t (x, t) = F−1
[
ϕ
(
|η|(T − t) 12−β
)
F [u](η, t)
]
(x),
u1−µ
β
t (x, t) = F−1
[(
1− ϕ
(
|η|(T − t) 12−β
))
F [u](η, t)
]
(x).
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Note that for β < 1
2
lim
t↑T
‖u1−µβt (t)‖L2 = 0, provided lim sup
t↑T
‖u(t)‖L2 <∞.
We see that for T − t small so that
(T − t)β ≤ 1
2
+ α,
we have
(1.8)
(T − t)−14 ‖∆˜t−1u(t)‖L2 + (T − t)
−1
4 ‖
√
∆t0u(t)‖L2
≤ (T − t)−14 ‖∆˜t−1uµ
β
t (t)‖L2 + 2(T − t)−14 ‖u1−µ
β
t (t)‖L2
. (T − t)−14 +β( 12+2α)‖uµβt (t)‖L2 + (T − t)−14 ‖u1−µ
β
t (t)‖L2 .
Obviously the low frequency part is small for
β >
1
2 + 8α
, T − t < 1,
and the high frequency part is small for T − t > 1. Because(∫
{|η|≥(t2−t0)β−
1
2 }
|F [u](η, t0)|2dη
)1
2
≤ δ(t2 − t0) 14 for some β < 1
2
.
is not invariant under the scaling
uλ(x, t) := λu(λx, λ
2t), pλ(x, t) := λ
2p(λx, λ2t), for λ ∈ (0,∞)
while (1.1) is invariant, we find that the high frequency part is always small
initially.
Motivation 3. It is well-known that nonlinear interactions of the Navier-
Stokes equations induce frequency overlapping. Good news is high frequency
energy dispersed by low frequency energy, bad news is low frequency part effected
by high frequency part. Applying the operator (1−µβt ) to the equations (1.1) for
u(x, t), and utilizing ϕ′ ≤ 0 we find
(1.9)
1
2
d
dt
‖u1−µβt (t)‖2L2 ≤ (−)‖∇xu1−µ
β
t (t)‖2L2− < u(t)∂ju1−(1−µ
β
t )
2
(t), u(1−µ
β
t )
2
(t) >
. (−)‖∇xu1−µ
β
t (t)‖2L2 + (T − t)
5
2
(β− 1
2
)‖u0‖3L2
where
f (1−µ
β
t )
2
:=
(
f 1−µ
β
t
)1−µβt
, f 1−(1−µ
β
t )
2
= F−1[
(
1− (1− ϕ((T − t) 12−β|η|))2
)
f(η)].
According to the estimate from below [35]
‖∇xu(t)‖2L2 ≥
cI
(T − t) 12 , for some cI > 0
as well as
‖∇xuµ
β
t (t)‖2L2 ≤ (T−t)2β−1‖uµ
β
t (t)‖2L2 ≤
cI
2(T − t) 12 , for β ≥
1
4
and ‖u0‖L2 ≤ cI
2
.
6
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we have
‖∇xu1−µ
β
t (t)‖2L2 ≥
cI
2(T − t) 12 ≥ (T−t)
5
2
(β− 1
2
)‖u0‖3L2 , for β ≥
3
10
and ‖u0‖3L2 .
cI
2
.
Returning to (1.9), we find
d
dt
‖u1−µβt (t)‖2L2 ≤ (−1)
cI
2(T − t) 12
that implies
(1.10) ‖u1−µβt (t)‖2L2 − cI(T − t)
1
4 ≤ ‖u1−µβt0 (t0)‖2L2 − cI(T − t0)
1
4 .
Consequently the high frequency part in (1.8) is small provided that it is small
initially.
2. Energy estimates
As in [20][21][22] where Giga and Kohn introduced similar transformations for
the blow-up problem of semi-linear heat equations, we apply
(2.1) y =
1
(T − t)1/2x, τ = − ln(T − t), w(y, τ) = (T − t)
1/2u(x, t),
to (1.1) and consider the following new problem
(2.2)

∂τw = ∆yw − y
2
· ∇yw − 1
2
w − w · ∇yw −∇yq, ∀y ∈ R3, τ > − lnT
divy w(y, τ) = 0, in R
3 × (− lnT,∞)
w(y,− lnT ) = T 1/2u0(T 1/2y), in R3
where
q(y, τ) = (T − t)p(x, t).
Note that under the transformation (2.1) we have
(2.3)
‖w(τ)‖L2 = (T − t)−14 ‖u(t)‖L2, ‖∇yw(τ)‖L2 = (T − t) 14‖∇xu(t)‖L2,
‖∇2yw(τ)‖L2 = (T − t)
3
4‖∇2xu(t)‖L2.
Multiplying the first one of (2.2) by w and integrating it over R3, by using the
second equation of (2.2) we have
(2.4)
1
2
∫
R3
∂τ |w(y, τ)|2dy = (−1)
∫
R3
(
|∇yw(y, τ)|2 − 1
4
|w(y, τ)|2
)
dy
−1
4
∫
R3
div (y|w(y, τ)|2)dy.
Noting that
(2.5)
∫
R3
div (y|w(y, τ)|2)dy = lim
R→∞
∫
∂BR
|y||w(y, τ)|2dσ(y) ≥ 0
we obtain
7
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Lemma 2.1. For any τ > 0, we have
(2.6)
1
2
d
dτ
‖w(τ)‖2L2(R3) ≤ (−1){‖∇yw(τ)‖2L2(R3) −
1
4
‖w(τ)‖2L2(R3)}.
Furthermore, we take differential in the equations of (2.2) and obtain
(2.7)
∂τ∂jw = ∆∂jw − 1
2
y · ∇∂jw − ∂jw
−(∂jw · ∇)w − (w · ∇)∂jw −∇y∂jq.
By the same strategy as in the proof of Lemma 2.1, from (2.7) as well as the
equation
∂τ∆w = ∆
2w − 1
2
(y · ∇)∆w − 3
2
∆w −∆((w · ∇)w)−∇∆q
by taking twice differential in (2.2), we have
Lemma 2.2. For all τ > 0
(2.8)
d
dτ
∫
R3
|∇w(y, τ)|2dy ≤ −2
∫
R3
|∇2w(y, τ)|2dy − 1
2
∫
R3
|∇w(y, τ)|2dy
−2
3∑
j,k,l=1
∫
R3
∂jwk(y, τ)∂jwl(y, τ)∂lwk(y, τ)dy
and
(2.9)
d
dτ
∫
R3
|∆w(y, τ)|2dy ≤ −2
∫
R3
|∇∆w(y, τ)|2dy − 3
2
∫
R3
|∆w(y, τ)|2dy
−2
∫
R3
(∆w(y, τ)) ·∆((w(y, τ) · ∇)w(y, τ))dy.
Remark 2.3. (1) As a blow-up argument, we assume that u(x, t) is bounded for
t < T and blows up at t = T . As a direct corollary, we can prove that ‖u(t)‖H3(R3)
and ∂t‖u(t)‖2Hm(R3) (m = 0, 1, 2), as well as ‖∂tu(t)‖L2(R3), ‖∂t∇xu(t)‖L2(R3) are
bounded for t < T . So we have the same results for ‖w(τ)‖H3(R3) and ∂τ‖w(τ)‖2Hm(R3)
(m = 0, 1, 2) for τ < ∞, as well as the similar results for q by the boundedness
of Riesz transformation.
(2) Since u(x, t), ∂tu(x, t) ∈ L2(R3) for t < T ,∫ t
0
∫
R3
|∂hu(x, h)||u(x, h)|dxdh <∞,
we can use Fubini theorem to obtain
(2.10)
2
∫
R3
∂tu(x, t) · u(x, t)dx = d
dt
∫ t
0
∫
R3
∂h|u(x, h)|2dxdh
=
d
dt
∫
R3
∫ t
0
∂h|u(x, h)|2dhdx = d
dt
∫
R3
|u(x, t)|2dx.
8
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Noting that
∂tu(x, t) = (T−t)− 32{∂τw( x
(T − t)1/2 , τ)+
x
2(T − t)1/2 ·∇yw(
x
(T − t)1/2 , τ)+
1
2
w(
x
(T − t)1/2 , τ)}
where τ = (−) ln(T − t), from
(2.11)
∫
R3
|∂tu(x, t)|2dx = (T−t)− 32
∫
R3
|∂τw(y, τ)+ y
2
·∇yw(y, τ)+1
2
w(y, τ)|2dy
and
(2.12)
∫
R3
|u(x, t)|2dx = (T − t)1/2
∫
R3
|w(y, τ)|2dy
we have for t < T
(2.13)
∫
R3
|∂τw(y, τ) + y
2
· ∇yw(y, τ)|2dy <∞.
Moreover, from (2.10), we get
(2.14)
(T − t)− 12{∂τ
∫
R3
|w(y, τ)|2dy − 1
2
∫
R3
|w(y, τ)|2dy}
=
d
dt
{(T − t) 12
∫
R3
|w(y, τ)|2dy} = d
dt
∫
R3
|u(x, t)|2dx = 2
∫
R3
∂tu(x, t) · u(x, t)dx
= 2
∫
R3
(T − t)− 32{∂τw( x
(T − t)1/2 , τ) +
x
2(T − t)1/2 · ∇yw(
x
(T − t)1/2 , τ)
+
1
2
w(
x
(T − t)1/2 , τ)} · (T − t)
− 1
2w(
x
(T − t)1/2 , τ)dx
= (T − t)− 12
∫
R3
{2∂τw(y, τ) · w(y, τ) + (y · ∇yw(y, τ)) · w(y, τ) + |w(y, τ)|2dy.
By using (2.14), from (2.4) we get (2.6) again.
3. (L∞, L2)-decomposition of w
In this section we will prove that w can be decomposed as the sum of a
L∞(0,∞;Lm(R3)) (m ∈ [4,∞]) part and a L∞(0,∞;L2(R3))∩L2(0,∞;H1(R3))
part.
Let ϕ ∈ C∞0 (R3, [0, 1]) be a radial symmetrical function satisfying
(3.1) ϕ(ξ) = 1 ∀|ξ| ≤ 1, ϕ(ξ) = 0 ∀|ξ| ≥ 2, ξ · ∇ϕ(ξ) ≤ 0 ∀ξ.
Like the Littlewood-Paley analysis, we define the operators
(3.2)
∆−1w(y, τ) = F−1[ϕ] ∗ w(y, τ),
∆0w(y, τ) = F−1[1− ϕ] ∗ w(y, τ),√
∆0w(y, τ) = F−1[
√
1− ϕ2] ∗ w(y, τ).
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Notice that
w(y, τ) = ∆−1w(y, τ) + ∆0w(y, τ),
‖w(τ)‖2L2(R3) = ‖∆−1w(τ)‖2L2(R3) + ‖
√
∆0w(τ)‖2L2(R3),
‖∆0w(τ)‖L2 ≤ ‖
√
∆0w(τ)‖L2 .
So we write (2.6) as
(3.3)
1
2
d
dτ
∫
R3
|
√
∆0w(y, τ)|2dy ≤ −
∫
R3
|∇
√
∆0w(y, τ)|2 − 1
4
|
√
∆0w(y, τ)|2dy
−
∫
R3
|∇∆−1w(y, τ)|2 − 1
4
|∆−1w(y, τ)|2dy
−1
2
d
dτ
∫
R3
|∆−1w(y, τ)|2dy.
Applying the operator ∆−1 to the first equation of (2.2), we have
(3.4) ∂τ∆−1w = ∆∆−1w− 1
2
∆−1(y · ∇w)− 1
2
∆−1w−∆−1((w · ∇)w)−∇∆−1q.
Multiplying (3.4) by ∆−1w and integrating over R3 we get
(3.5)
1
2
d
dτ
∫
R3
|∆−1w|2dy = −
∫
R3
|∇∆−1w|2dy − 1
2
∫
R3
|∆−1w|2dy
−1
2
∫
R3
∆−1(y · ∇w) ·∆−1wdy −
∫
R3
∆−1((w · ∇)w) ·∆−1wdy,
where div w = 0 is used to cancel the term including q.
Because ∫
R3
y · ∇|∆−1w|2dy = 2
∫
R3
yj∆−1w · ∂j∆−1wdy
= 2
∫
R3
ξjϕF [w] · ∂j(ϕF [w])dξ
= −3
∫
R3
ϕ2|F [w]|2dy,
we have ∫
R3
∂j{yj|∆−1w|2}dy = 0.
So ∫
R3
∂j(∆−1(yjw) ·∆−1w)dy
=
∫
R3
∂j{F−1[ϕ] ∗ (yjw) · F−1[ϕ] ∗ w}dy
= (−1)
∫
R3
∂j{ϕ˜j ∗ w · F−1[ϕ] ∗ w}dy +
∫
R3
∂j{yj|∆−1w|2}dy
= 0
where ϕ˜j(y) = yjF−1[ϕ](y).
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Since ∫
∆−1(y · ∇w) ·∆−1wdy
= −
3∑
j=1
∫
∆−1(yjw) ·∆−1∂jwdy − 3
∫
|∆−1w|2dy
= −
3∑
j=1
∫
ϕ(ξ)F [yjw] · ϕ(ξ)F [∂jw]dξ − 3
∫
|∆−1w|2dy
and
F [yjw] = i ∂
∂ξj
F [w], F [∂jw] = iξjF [w],
we have
(3.6)∫
∆−1(y · ∇w) ·∆−1wdy = −
3∑
j=1
∫
ϕ2(ξ)ξj
∂
∂ξj
F [w] · F [w]dξ − 3
∫
|∆−1w|2dy
= −
3∑
j=1
1
2
∫
ϕ2(ξ)ξj
∂
∂ξj
|F [w]|2dξ − 3
∫
|∆−1w|2dy
=
3∑
j=1
1
2
∫
ξj
∂
∂ξj
ϕ2(ξ)|F [w]|2dξ + 3
2
∫
ϕ2(ξ)|F [w]|2dξ − 3
∫
|∆−1w|2dy
=
1
2
∫
ξ · ∇ϕ2(ξ)|F [w]|2dξ − 3
2
∫
|∆−1w|2dy.
From (3.5)-(3.6), we get
(3.7)
1
2
d
dτ
∫
R3
|∆−1w|2dy = −
∫
R3
|∇∆−1w|2dy + 1
4
∫
R3
|∆−1w|2dy
−1
4
∫
R3
ξ · ∇ϕ2(ξ)|F [w](ξ, τ)|2dξ −
∫
R3
∆−1((w · ∇)w) ·∆−1wdy.
From (3.3) and (3.7), we have
(3.8)
1
2
d
dτ
∫
R3
|
√
∆0w(y, τ)|2dy ≤ −
∫
R3
|∇
√
∆0w(y, τ)|2 − 1
4
|
√
∆0w(y, τ)|2dy
+
1
4
∫
R3
ξ · ∇ϕ2(ξ)|F [w](ξ, τ)|2dξ +
∫
R3
∆−1((w · ∇)w) ·∆−1wdy
≤ −3
4
∫
R3
|∇
√
∆0w(y, τ)|2dy
+
1
4
∫
R3
ξ · ∇ϕ2(ξ)|F [w](ξ, τ)|2dξ +
∫
R3
∆−1((w · ∇)w) ·∆−1wdy
where |ξ|2|F [√∆0w]|2 ≥ |F [
√
∆0w]|2 was used in the last step.
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Let α ∈ (0, 1
8
) and define
χ(ξ) =


( |ξ|
1
2
+ α
) 1
2
+2α
, ∀|ξ| ≤ 1
2
+ α
ϕ(ξ), ∀|ξ| ≥ 1
2
+ α.
Instead of ϕ by χ, we define the operator
∆˜−1f = F−1[χ(ξ)F [f ](ξ)].
Applying ∆˜−1 to (2.2), in almost exactly the same way that we derived (3.7)
we have
1
2
d
dτ
∫
R3
|∆˜−1w|2dy
= −
∫
R3
|∇∆˜−1w|2dy + 1
4
∫
R3
|∆˜−1w|2dy
−1
4
∫
R3
ξ · ∇χ2(ξ)|F [w](ξ, τ)|2dξ −
∫
R3
∆˜−1((w · ∇)w) · ∆˜−1wdy.
Combining it with (3.8), we have
1
2
d
dτ
∫
R3
|∆˜−1w|2 + |
√
∆0w|2dy
≤ −3
4
∫
R3
|∇
√
∆0w|2dy − α
∫
R3
|∆˜−1w|2dy
+
∫
R3
∆−1((w · ∇)w) ·∆−1w − ∆˜−1((w · ∇)w) · ∆˜−1wdy
+
1
4
∫
R3
ξ · ∇(ϕ2 − χ2)|F [w]|2dξ −
∫
R3
|∇∆˜−1w|2dy + (1
4
+ α)
∫
R3
|∆˜−1w|2dy.
For |ξ| ≤ 1, the last term is written as
A =
∫
{1
4
ξ · ∇(−χ2)− |ξ|2χ2 + (1
4
+ α)χ2}|F [w]|2dξ
and noting that ϕ(ξ) = 1 for |ξ| ≤ 1 as well as the definition of χ, A ≤ 0. For
|ξ| ∈ [1, 2], the last term is written as
B =
∫
{1
4
(1− (1
2
+ α)1+4α)ξ · ∇ϕ2 − (|ξ|2 − (1
4
+ α))(
1
2
+ α)1+4αϕ2}|F [w]|2dξ,
and B ≤ 0. So we get
(3.9)
1
2
d
dτ
∫
R3
|∆˜−1w|2 + |
√
∆0w|2dy ≤ −3
4
∫
R3
|∇
√
∆0w|2dy − α
∫
R3
|∆˜−1w|2dy
+
∫
R3
∆−1((w · ∇)w) ·∆−1w − ∆˜−1((w · ∇)w) · ∆˜−1wdy.
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Lemma 3.1. (1) For any m ∈ [4,∞],
‖∆−1f‖Lm(R3) ≤ C(α)‖∆˜−1f‖L2(R3), ∀f ∈ L2(R3)
where the constant C(α) <∞ depends only on α.
(2) For all β = (β1, β2, β3) (βj ∈ N, j = 1, 2, 3)
‖Dβ∆0w(·, τ)‖L2(R3) ≤ ‖Dβ
√
∆0w(·, τ)‖L2(R3)
where Dβ = ∂β11 ∂
β2
2 ∂
β3
3 .
Proof. From Hausdorff-Young inequality
‖∆−1f‖Lm(R3)
≤ (2π)3/m′(
∫
R3
|ϕ(ξ)F [f ](ξ)|m′dξ)1/m′
≤ (2π)3/m′(
∫
R3
||ξ| 12+2αϕ(ξ)F [f ](ξ)|2)1/2(
∫
|ξ|≤2
|ξ|−( 12+2α) 2m
′
2−m′ dξ)
2−m′
2m′
≤ C(α)(
∫
R3
|χ(ξ)F [f ](ξ)|2)1/2
for α ∈ (0, 1
8
). So we have (1).
To prove (2), we only need to consider the case |β| = ∑1≤j≤3 βj = 0. Since
0 ≤ ϕ ≤ 1 and 1− ϕ2 = (1− ϕ)(1 + ϕ) ≥ (1− ϕ)2, in this case we have∫
R3
|∆0w(y, τ)|2dy =
∫
R3
(1− ϕ(ξ))2|F [w](ξ, τ)|2dξ
≤
∫
R3
(1− ϕ2(ξ))|F [w](ξ, τ)|2dξ =
∫
R3
|
√
∆0w(y, τ)|2dy. 
Now we estimate the last term in the right of (3.9). We only need to consider
the integration for ϕ in the last term, because for χ the proof is same. Notice
that ∫
∆−1(wj∂jw) ·∆−1wdy = −
∫
(wjw) · (∆−1)2(∂jw)dy
= −
∫
wj
√
∆0w · (∆−1)2(∂jw)dy
= −
∫
∆−1wj
√
∆0w · (∆−1)2(∂jw)dy −
∫
∆0wj
√
∆0w · (∆−1)2(∂jw)dy.
Because
|
∫
∆−1wj
√
∆0w · (∆−1)2(∂jw)dy|
≤ (
∫
|∆−1w|4dy)1/2(
∫
|
√
∆0w|2dy)1/2
≤ C‖∆˜−1w‖2L2(R3)‖
√
∆0w‖L2(R3) (by Lemma 3.1 (1)-(2))
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and
|
∫
∆0wj
√
∆0w · (∆−1)2(∂jw)dy|
≤ ‖∆−1(∂jw)‖L∞(R3)‖
√
∆0w‖2L2(R3)
≤ C‖∆˜−1w‖L2(R3)‖
√
∆0w‖2L2(R3) (by Lemma 3.1 (1)-(2))
the last term in the right of (3.9) can be estimated by
C{‖∆˜−1w‖3L2(R3) + ‖∆˜−1w‖2L2(R3)‖
√
∆0w‖L2(R3) + ‖∆˜−1w‖L2(R3)‖
√
∆0w‖2L2(R3)}.
So we get
(3.10)
1
2
d
dτ
∫
R3
(
|∆˜−1w(y, τ)|2 + |
√
∆0w(y, τ)|2
)
dy + (
3
4
− α)
∫
R3
|∇
√
∆0w(y, τ)|2dy
≤ −α
∫
R3
|∆˜−1w(y, τ)|2 + |
√
∆0w(y, τ)|2dy
+C(
∫
R3
|∆˜−1w(y, τ)|2 + |
√
∆0w(y, τ)|2dy)3/2
Proposition 3.2. There is δ = δ(α) > 0 such that if
(3.11)
(∫
R3
|∆˜−1w(y, τ0)|2 + |
√
∆0w(y, τ0)|2dy
)1
2
≤ δ 12 , (Assumption 1)
then for all τ > τ0
(3.12)
d
dτ
∫
R3
|∆˜−1w(y, τ)|2+|
√
∆0w(y, τ)|2dy ≤ −α
∫
R3
|∆˜−1w(y, τ)|2+|
√
∆0w(y, τ)|2dy.
Moreover, for w(y, τ) = ∆−1w(y, τ) + ∆0w, and for all m ∈ [4,∞],
(3.13)
‖Dβ∆−1w(τ)‖Lm(R3) ≤ C(β)δ, ∀τ > τ0, ∀β,
lim
τ→∞
‖∆−1w(τ)‖Lm(R3) = 0,
(3.14)
sup
τ≥τ0
∫
R3
|∆0w|2dy +
∫ ∞
τ0
dτ
∫
R3
|∇∆0w|2dy ≤ Cδ,
lim
τ→∞
∫
R3
|∆0w|2dy = 0.
Remark 3.3. Suppose ψ is a radial function satisfying
(3.15) ψ ∈ C(R3, [0, 1]), ξ · ∇ξψ(ξ) ∈ L∞(R3).
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Since ψ(ξ)F [w](ξ, τ) ∈ L2(R3), we have F−1[ψ] ∗ w = F−1[ψF [w]] ∈ L2(R3) and
(3.16)
∫
R3
|F−1[ψ] ∗ w(y, τ)|2dy(T − t) 32
=
∫
R3
|F−1[ψ] ∗ w( x¯
(T − t)1/2 , τ)|
2dx¯
=
∫
R3
|
∫
R3
F−1[ψ]( x¯
(T − t)1/2 − z)w(z, τ)dz|
2dx¯
=
∫
R3
|
∫
R3
F−1[ψ]( x¯
(T − t)1/2 − z)(T − t)
1/2u((T − t)1/2z, t)dz|2dx¯
=
∫
R3
|
∫
R3
F−1[ψ]( x¯− x
(T − t)1/2 )u(x, t)dx|
2dx¯(T − t)−2
where τ = (−) ln(T − t). Performing further calculations, we also have
(3.17)
∂t{(T − t)3/2ψ((T − t)1/2ξ)F [u](ξ, t)}
= ∂tF [
∫
R3
F−1[ψ]( x¯− x
(T − t)1/2 )u(x, t)dx]
= F [
∫
R3
F−1[ψ]( x¯− x
(T − t)1/2 )∂tu(x, t) + {
x¯− x
2(T − t)3/2 · F
−1[ψ]′(
x¯− x
(T − t)1/2 )}u(x, t)dx]
= F [
∫
R3
F−1[ψ]( x¯− x
(T − t)1/2 ){∂τw(
x
(T − t)1/2 , τ) +
x
2(T − t)1/2 · ∇yw(
x
(T − t)1/2 , τ)
+
1
2
w(
x
(T − t)1/2 , τ)}(T − t)
− 3
2
+{ x¯− x
2(T − t)3/2 · F
−1[ψ]′(
x¯− x
(T − t)1/2 )}w(
x
(T − t)1/2 , τ)(T − t)
− 1
2dx]
and
(3.18)
d
dt
∫
R3
|
∫
R3
F−1[ψ]( x¯− x
(T − t)1/2 )u(x, t)dx|
2dx¯
=
d
dt
∫
R3
|(T − t)3/2ψ((T − t)1/2ξ)F [u](ξ, t)|2dξ
=
d
dt
∫
R3
∫ t
0
∂h|(T − h)3/2ψ((T − h)1/2ξ)F [u](ξ, h)|2dhdξ
=
d
dt
∫ t
0
∫
R3
∂h|(T − h)3/2ψ((T − h)1/2ξ)F [u](ξ, h)|2dξdh
=
∫
R3
∂t|(T − t)3/2ψ((T − t)1/2ξ)F [u](ξ, t)|2dξ
= 2Re
∫
R3
{(−)3
2
(T − t)1/2ψ((T − t)1/2ξ)F [u](ξ, t)− (T − t)ξ
2
· ψ′((T − t)1/2ξ)F [u](ξ, t)
+(T − t)3/2ψ((T − t)1/2ξ)∂tF [u](ξ, t)} · (T − t)3/2ψ((T − t)1/2ξ)F [u](ξ, t)dξ,
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where because F [u](ξ, t), ∂tF [u](ξ, t) ∈ L2(R3) for t < T and ψ satisfies (3.15),
we have ∫
R3
|∂t|(T − t)3/2ψ((T − t)1/2ξ)F [u](ξ, t)|2|dξ <∞
and Fubini theorem can be used.
From (3.16)-(3.18), we find
(3.19)
(T − t)5/2 d
dτ
∫
R3
|F−1[ψ] ∗ w(y, τ)|2dy − 7
2
(T − t)5/2
∫
R3
|F−1[ψ] ∗ w(y, τ)|2dy
=
d
dt
{(T − t)7/2
∫
R3
|F−1[ψ] ∗ w(y, τ)|2dy}
=
d
dt
∫
R3
|
∫
R3
F−1[ψ]( x¯− x
(T − t)1/2 )u(x, t)dx|
2dx¯
= 2(T − t)5/2
∫
R3
{(−)3
2
ψ(ξ)F [w](ξ, τ)− ξ
2
· ψ′(ξ)F [w](ξ, τ)} · ψ(ξ)F [w](ξ, τ)dξ
+2
∫
R3
{
∫
R3
F−1[ψ]( x¯− x
(T − t)1/2 )∂tu(x, t)dx} · {
∫
R3
F−1[ψ]( x¯− x
(T − t)1/2 )u(x, t)dx}dx¯
= (−3)(T − t)5/2
∫
R3
|F−1[ψ] ∗ w(y, τ)|2dy
−(T − t)
5/2
2
∫
R3
(ξ · ∇ξψ2(ξ))|F [w](ξ, τ)|2dξ
+2(T − t)5/2
∫
R3
∫
R3
F−1[ψ](y − z){∂τw(z, τ) + z
2
· ∇zw(z, τ) + 1
2
w(z, τ)}dz
·{F−1[ψ] ∗ w(y, τ)}dy
So we have
(3.20)
2
∫
R3
F−1[ψ] ∗ {∂τw + y
2
· ∇yw}(y, τ) · F−1[ψ] ∗ w(y, τ)dy
=
d
dτ
∫
R3
|F−1[ψ] ∗ w(y, τ)|2dy − 3
2
∫
R3
|F−1[ψ] ∗ w(y, τ)|2dy
+
1
2
∫
R3
(ξ · ∇ξψ2(ξ))|F [w](ξ, τ)|2dξ.
Note that ϕ and χ satisfy (3.15), and we can use (3.20) to obtain (3.7) for ϕ
and χ again. Furthermore, since 1 − ϕ satisfies (3.15) and ‖∂t∇xu(t)‖L2(R3) is
bounded for t < T , we can prove the same equation as (3.20) for (1 − ϕ) and
∇yw instead of ψ and w, which is another proof to obtain (4.4) from (4.1) in next
section.
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4. L∞-estimate of ∆0w
Applying the operator ∆0 (see (3.2)) to (2.7), and integrating over R
3 we have
(4.1)
1
2
∫
R3
∂
∂τ
|∆0∇w|2dy = −
∫
R3
|∇2∆0w|2dy −
∫
R3
|∆0∇w|2dy
−
3∑
j=1
1
2
∫
R3
∆0(y · ∇∂jw) ·∆0∂jwdy
−
3∑
j=1
∫
R3
∆0((∂jw · ∇)w) ·∆0∂jw +∆0((w · ∇)∂jw) ·∆0∂jwdy.
Since the support of 1 − ϕ is not compact, we can not do the same thing as in
(3.6) for the 3rd term in the right side of (4.1). But with more patient, by using
∆0f = f −∆−1f , we find
(4.2)
∫
∆0((y · ∇)∂jw) ·∆0∂jwdy
=
∫
((y · ∇)∂jw) · ∂jwdy −
∫
((y · ∇)∂jw) ·∆−1∂jwdy
−
∫
∆−1((y · ∇)∂jw) · ∂jwdy +
∫
∆−1((y · ∇)∂jw) ·∆−1(∂jw)dy.
Recall from (2.5) that∫
((y · ∇)∂jw) · ∂jwdy ≥ −3
2
∫
|∂jw|2dy.
On the other hand, as in (3.6) we have∫
∆−1((y · ∇)∂jw) ·∆−1(∂jw)dy = 1
2
∫
ξ ·∇ϕ2|F [∂jw]|2dξ− 3
2
∫
ϕ2|F [∂jw]|2dξ.
The remainder two terms in the right side of (4.2) is written as
2
∫
ϕ∂k(ξkF [∂jw]) · F [∂jw]dξ
= −
∫
2(ξ · ∇ϕ)|F [∂jw]|2 + ϕξ · ∇|F [∂jw]|2dξ
= −
∫
(ξ · ∇ϕ)|F [∂jw]|2dξ + 3
∫
ϕ|F [∂jw]|2dξ.
Then the right of (4.2) is larger than
(4.3)
−3
2
∫
|∂jw|2dy − 3
2
∫
ϕ2|F [∂jw]|2dξ + 1
2
∫
ξ · ∇ϕ2|F [∂jw]|2dξ
−
∫
(ξ · ∇ϕ)|F [∂jw]|2dξ + 3
∫
ϕ|F [∂jw]|2dξ
=
1
2
∫
ξ · ∇(1− ϕ(ξ))2|F [∂jw]|2dξ − 3
2
∫
|∆0∂jw|2dy.
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Recall from (3.1) that
ξ · ∇(1− ϕ(ξ))2 = |ξ| d
d|ξ|(1− ϕ(ξ))
2 ≥ 0.
Instead of the 3rd term in the right side of (4.1) by (4.2)-(4.3), we get
(4.4)
1
2
d
dτ
∫
R3
|∆0∇w|2dy ≤ −
∫
R3
|∇2∆0w|2dy − 1
4
∫
R3
|∆0∇w|2dy
−
3∑
j=1
∫
R3
∆0((∂jw · ∇)w) ·∆0∂jw +∆0((w · ∇)∂jw) ·∆0∂jwdy.
Decompose the last integration of the right side of (4.4) by w = ∆−1w +∆0w
and note that
|
∫
((∆0w · ∇)∂j∆0w) · ∂j∆0wdy| ≤ ‖∇2∆0w‖L2(R3)(
∫
|∆0w|2|∇∆0w|2dy)1/2
≤ C‖∇2∆0w‖3/2L2(R3)‖∇∆0w‖3/2L2(R3),
|
∫
((∆−1w ·∇)∂j∆0w) ·∂j∆0wdy| ≤ ‖∆−1w‖L∞(R3)‖∇2∆0w‖L2(R3)‖∇∆0w‖L2(R3),
|
∫
((∆0w · ∇)∂j∆−1w) · ∂j∆0wdy| ≤ C‖∆−1w‖L∞(R3)‖∆0w‖L2(R3)‖∇∆0w‖L2(R3),
and
|
∫
((∆−1w · ∇)∂j∆−1w) · ∂j∆0wdy| ≤ C(
∫
|∆−1w|4dy)1/2‖∇∆0w‖L2(R3)
as well as the same estimates for another term in the last integration of the
right side of (4.4). In present section, we always assume assumption 1. Then by
Proposition 3.2, we find
(4.5)
1
2
d
dτ
∫
R3
|∇∆0w(y, τ)|2dy ≤ −1
2
∫
R3
|∇2∆0w|2dy − 1
8
∫
R3
|∇∆0w(y, τ)|2dy
+C‖∇∆0w(τ)‖L2(R3){Cδ − ‖∇∆0w(τ)‖L2(R3) + C‖∇∆0w(τ)‖5L2(R3)}
Note that (see Remark 4.4) there is δ1 > 0 such that if for some τ1 ≥ 0
(4.6) ‖∇∆0w(τ1)‖L2(R3) ≤ δ1
then
‖∇∆0w(τ)‖L2(R3) ≤ δ1, ∀τ ≥ τ1.
From (3.14), (4.6) can be satisfied provided that (3.11) is satisfied. So we have
Lemma 4.1. Suppose (3.11) is satisfied. Then there is δ1 > 0 (δ1 ↓ 0 as δ ↓ 0)
and τ1 > 0 such that
‖∇∆0w(τ)‖L2(R3) ≤ δ1, ∀τ ≥ τ1.
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Decompose the last term in the right side of (2.8) by w = ∆−1w + ∆0w, and
note that
|
∫
∂j∆−1wk∂j∆−1wl∂l∆−1wkdy| ≤ ‖∇∆−1w‖L∞(R3)
∫
|∇∆−1w|2dy
≤ Cδ
∫
|∇∆−1w|2dy,
|
∫
∂j∆−1wk∂j∆−1wl∂l∆0wkdy| ≤ (
∫
|∇∆−1w|4dy)1/2(
∫
|∇∆0w|2dy)1/2
≤ Cδ(
∫
|∇∆0w|2dy)1/2,
and
|
∫
∂j∆−1wk∂j∆0wl∂l∆0wkdy| ≤ ‖∇∆−1w‖L∞(R3)
∫
|∇∆0w|2dy
≤ Cδ
∫
|∇∆0w|2dy,
as well as
|
∫
∂j∆0wk∂j∆0wl∂l∆0wkdy| ≤ C‖∇∆0w‖3/2L2(R3)‖∇2∆0w‖3/2L2(R3)
≤ ‖∇2∆0w‖2L2(R3) + Cδ1.
Finally we find
(4.7)
d
dτ
∫
R3
|∇w(y, τ)|2dy ≤ −
∫
R3
|∇2w(y, τ)|2dy − 1
2
∫
R3
|∇w(y, τ)|2dy + Cδ1.
Lemma 4.2. Suppose (3.11) is satisfied. Then there is δ1 > 0 (δ1 ↓ 0 as δ ↓ 0)
and τ1 > 0 such that for all τ ≥ τ1,
(4.8)
∫
R3
|∇w(y, τ)|2dy ≤ e− 12 (τ−τ1)
∫
R3
|∇w(y, τ1)|2dy + 2Cδ1(1− e− 12 (τ−τ1)).
Returning to (2.9), and noting that div ∆w = 0 implies∫
(∆w) · ((w · ∇)∆w)dy = 0,
the last term in the right side of (2.9) can be written as the sum of the following
type ∫
|∇2w|2|∇w|dy.
Applying the estimates
(
∫
|∇w|2dy)1/2(
∫
|∇2w|4dy)1/2
≤ C(
∫
|∇w|2dy)1/2(
∫
|∆w|2dy)1/4(
∫
|∇∆w|2dy)3/4
19
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to the last term of the right side (2.9) and utilizing Lemma 4.2 as well as (2.3),
we discover
Lemma 4.3. Suppose (3.11) is satisfied. Then there is δ1 > 0 (δ1 ↓ 0 as δ ↓ 0)
and τ1 > 0 such that for all τ ≥ τ1,∫
R3
|∆w(y, τ)|2dy ≤ e−( 32−Cδ1)(τ−τ1)
∫
R3
|∆w(y, τ1)|2dy,
that is ∫
R3
|∆xu(x, t)|2dx ≤
(
T − t0
T − t
)Cδ1 ∫
R3
|∆xu(x, t0)|2dx.
Remark 4.4. Suppose a nonnegative continuous function h(τ) satisfies
d
dτ
h(τ) ≤ F (h(τ)) := Cδ − Bh(τ) + h5(τ), ∀τ > 0,
where C, B and δ are positive constants. If δ is small enough so that
h− :=
1
2
(B −
√
B2 − 4Cδ) ∈ (0, 1),
and if h(0) < h−, then for all τ > 0, F (h(τ)) ≤ Cδ − Bh(τ) + h2(τ) and
h(τ) ∈ [0, h−].
5. frequency decaying estimates
In this section, Mj (j = 1, 2, 3) will be used to denote universal constants.
Utilizing the localization properties discovered in [2], we investigate the frequency
decay rate of the vorticity ω = curl u. From (1.1) we have
(5.1)
∂tω = ∆ω − (u · ∇)ω + (ω · ∇)u, in R3 × (0, T )
ω(x, 0) = ω0, in R
3
u(x, t) = (K ∗ ω)(x, t) := −1
4π
∫
R3
x− y
|x− y|3 × ω(y, t)dy.
Since ω ∈ L2(0, T ;L2(R3)), there is t0 ∈ (0, T ) such that ω(t0) ∈ L2(R3). The
integral formulation of (5.1) with the initial data ω(t0) is written as follows
(5.2)
ω(t) = S(t− t0)ω(t0) + At0(ω, u)(t)
u(t) = (K ∗ ω)(t),
where
At0(ω, u)(t) :=
∫ t
t0
S(t− s)((ω · ∇)u− (u · ∇)ω)(s)ds
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and so on. We will use the standard iteration scheme [26]
(5.3)
ω(j+1)(t) = S(t− t0)ω(t0) + At0(ω(j), u(j))(t),
ω(0)(t) = S(t− t0)ω(t0),
u(j)(t) = K ∗ ω(j)(t), j = 0, 1, 2, ...,
to solve (5.2) in (t0, T
∗).
Suppose F [ω](t0) ∈ L2(R3). Let us note carefully
‖e
√
t−t0|ξ|F [At0(ω(j), u(j))](ξ, t)‖CtL2ξ := sup
t∈(t0,T ∗)
(
∫
e2
√
t−t0|ξ||F [At0(ω(j), u(j))](ξ, t)|2dξ)1/2
≤ sup
t∈(t0,T ∗)
∫ t
t0
(
∫
e2
√
t−t0|ξ|−2(t−s)|ξ|2|F [ω(j) · ∇u(j) − u(j) · ∇ω(j)](ξ, s)|2dξ)1/2ds
≤ e2 sup
t∈(t0,T ∗)
∫ t
t0
(
∫
e−(t−s)|ξ|
2+2
√
s−t0|ξ−η|+2
√
s−t0|η||F [ω(j) · ∇u(j) − u(j) · ∇ω(j)](ξ, s)|2dξ)1/2ds
≤ e2‖e
√
t−t0|ξ|F [ω(j)](ξ, t)‖CtL2ξ‖e
√
t−t0|ξ|F [∇u(j)](ξ, t)‖CtL2ξ
(
sup
t∈(t0,T ∗)
∫ t
t0
(
∫
e−(t−s)|ξ|
2
dξ)1/2
+(
∫
e−3(t−s)|ξ|
2 |ξ|6dξ)1/6ds
)
≤ 24e2π3/4(T ∗ − t0)1/4‖e
√
t−t0|ξ|F [ω(j)](ξ, t)‖2CtL2ξ .
Here the third line is derived from
e−(t−s)|ξ|
2
e
√
t−t0|ξ| ≤ e2e−(t−s)|ξ|2/2e
√
s−t0|ξ−η|e
√
s−t0|η|;
The 4th line is derived from
(
∫
e−(t−s)|ξ|
2 |ξ|2f 2(ξ, s)dξ)1/2 ≤ (
∫
e−3(t−s)|ξ|
2 |ξ|6dξ)1/6(
∫
f 3(ξ, s)dξ)1/3,
with f =
∫
e
√
s−t0|η|F [u(j)](η, s)e√s−t0|ξ−η|F [ω(j)](ξ−η, s)dη, and from the Hausdauff-
Young’s inequality,
(
∫
f 3(ξ, s)dξ)1/3 ≤ (
∫
|e
√
s−t0|η|F [u(j)](η, s)|6/5dη)5/6(
∫
|e
√
s−t0|η|F [ω(j)](η, s)|2dη)1/2
≤ ‖ 1| · |‖L3,∞(
∫
|e
√
s−t0|η|F [∇u(j)](η, s)|2dη)1/2(
∫
|e
√
s−t0|η|F [ω(j)](η, s)|2dη)1/2;
In the 5th line
‖e
√
t−t0|ξ|F [∇u(j)](ξ, t)‖CtL2ξ ≤ 3‖e
√
t−t0|ξ|F [ω(j)](ξ, t)‖CtL2ξ
is derived from
∇ui = (−1)
3∑
k=1
∇(−∆)−1∂k(∂kui − ∂iuk)
and the L∞-boundedness of the Fourier transform
√−1ξj/|ξ| of the Riesz trans-
form Rj = ∂j/
√−∆.
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Observer additionally that
‖e
√
t−t0|ξ|F [ω(0)](ξ, t)‖CtL2ξ = sup
t∈(t0,T ∗)
(
∫
e2
√
t−t0|ξ|−2(t−t0)|ξ|2|F [ω](ξ, t0)|2dξ)1/2 ≤ e2‖ω(t0)‖L2 .
Utilizing the notations K0 = M1‖ω(t0)‖L2 and
Kj = ‖e
√
t−t0|ξ|F [ω(j)](ξ, t)‖CtL2ξ , ∀j ≥ 1,
we find that, for j = 0, 1, 2, ...,
Kj+1 ≤ K0 +M2(T ∗ − t0)1/4K2j .
Claim 1. Suppose
(5.4) 4K0M2(T
∗ − t0)1/4 < 1.
Then {Kj}j is increasing and
Kj < K∞ :=
1−
√
1− 4K0M2(T ∗ − t0)1/4
2M2(T ∗ − t0)1/4 .
Claim 2. For j = 1, 2, ...,
‖e
√
t−t0|ξ|F [ω(j+1)](ξ, t)− e
√
t−t0|ξ|F [ω(j)](ξ, t)‖CtL2ξ
≤ {2M2(T ∗ − t0)1/4Kj}‖e
√
t−t0|ξ|F [ω(j)](ξ, t)
− e
√
t−t0|ξ|F [ω¯(j−1)](ξ, t)‖CtL2ξ
≤ 1
2
‖e
√
t−t0|ξ|F [ω(j)](ξ, t)− e
√
t−t0|ξ|F [ω(j−1)](ξ, t)‖CtL2ξ
provided
2M2(T
∗ − t0)1/4K∞ ≤ 1
4
.
Since the last inequality is valid provided
(5.5) 4K0M2(T
∗ − t0)1/4 ≤ 7
16
,
we proved
Proposition 5.1. Suppose ω(t0) ∈ L2(R3). Then for T ∗ satisfying (5.5), there
is a unique solution ω(t) of (5.2) such that
(5.6) sup
t∈(t0,T ∗)
(
∫
e2
√
t−t0|ξ||F [ω](ξ, t)|2dξ)1/2 ≤ 1−
√
1− 4K0M2(T ∗ − t0)1/4
2M2(T ∗ − t0)1/4 .
Recall from the energy inequality for the Leray-Hopf solutions
‖u(T )‖2L2 +
1
2
∫ T
t
‖∇xu(h)‖2L2dh ≤ ‖u(t)‖2L2,
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that there is hj ↑ T such that
(T − hj) 12‖∇xu(hj)‖L2 → 0, as j →∞.
So we have
Corollary 5.2. There is hj ↑ T such that ‖ω(hj)‖L2 ≤ M3(T−hj)1/2 and (5.5) are
satisfied. Moreover at t¯ = hj + (T − hj)2,
‖F [ω](t¯)‖
L2(|η|≥1/(T−t¯)1+ ǫ2 ) ≤
1
2M2
exp[ −1
(T−t¯)ǫ/2 ]
(T − t¯)1/2
for all ǫ > 0. Let t := T − (T − t¯)
1+ ǫ2
1
2−β . Equivalently, at t¯ = T − (T − t)
1
2−β
1+ ǫ2
‖F [ω](t¯)‖
L2(|η|≥(T−t)β− 12 ) ≤
1
2M2
(T − t)
(−1)( 12−β)
2+ǫ exp[
−1
(T − t)( 12−β) ǫ2+ǫ
].
6. TIME-SPACE DECAYING ESTIMATES
In this section, we estimate the time decaying of the L2-norm of vorticity in
the region
(6.1) |u(x, t)| ≤
(
a
T − t
)1/2
.
First we assume Q ≡ Ω× (t0, T ) ⊂ R3 × (0, T ) and assume (6.1) in Q. Let us
consider the local vorticity equations
(6.2)
∂tω = ∆ω − div(u⊗ ω − ω ⊗ u), in Q
u(x, t) = (K ∗ ω)(x, t),
and take a cut-off function
ψ ∈ C∞(Q), spt(ψ) ⊂ Q, ψ ≡ 1 in Q 1
n
:= Ω− 1
n
× (t0 + 1
n
, T ),
|∂tψ| ≤ 2n, |∇ψ| ≤ 2n, |∆ψ| ≤ 4n2.
where for n = 1, 2, 3, ...
Ω− 1
n
:= {x ∈ Ω, dist(x,R3 \ Ω) > 1
n
}.
Then ωψ(x, t) := ψ(x, t)ω(x, t) satisfies
(6.3)
∂tωψ = ∆ωψ − div(u⊗ ωψ − ωψ ⊗ u) + f, in R3 × (t0, T )
ωψ(x, t0) = 0, on R
3
where
f = (∂tψ +∆ψ)ω − 2∂j ((∂jψ)ω) + (u · ∇ψ)ω − (ω · ∇ψ)u.
23
Jian Zhai
Multiply (6.3) by ωψ and integrate over R
3
d
dt
‖ωψ(t)‖2L2 + ‖∇ωψ(t)‖2L2
≤ C1a
T − t‖ωψ(t)‖
2
L2 + C2n
2‖ω(t)‖2L2
where Cj(j = 1, 2) are universal positive constants. Now multiply by (T − t)C1a:
d
dt
(
(T − t)C1a‖ωψ(t)‖2L2
)
+ (T − t)C1a‖∇ωψ(t)‖2L2
≤ C2n2(T − t)C1a‖ω(t)‖2L2,
and integrate from t0 to t < T :
(6.4)
‖ωψ(t)‖2L2 +
∫ t
t0
(
T − h
T − t
)C1a
‖∇ωψ(h)‖2L2dh ≤ C2n2
∫ t
t0
(
T − h
T − t
)C1a
‖ω(h)‖2L2dh
≤ C2n2‖u0‖2L2
(
T − t0
T − t
)C1a
.
Similarly, we can take a cut-off function
ψ ∈ C∞(Q 1
n
), spt(ψ) ⊂ Q 1
n
, ψ ≡ 1 in Q 2
n
:= Ω− 2
n
× (t0 + 2
n
, T ),
|∂tψ| ≤ 2n, |∇ψ| ≤ 2n, |∆ψ| ≤ 4n2
where for n = 2, 3, ...
Ω− 2
n
:= {x ∈ Ω, dist(x,R3 \ Ω) > 2
n
},
and to assert for t ∈ [t0 + 2n , T )
(6.5)
‖ω(t)‖2L2(Ω
−
2
n
) +
∫ t
t0+
2
n
(
T − h
T − t
)C1a
‖∇ω(h)‖2L2(Ω
−
2
n
)dh
≤ C2n2
∫ t
t0+
1
n
(
T − h
T − t
)C1a
‖ω(h)‖2L2(Ω
−
1
n
)dh
≤ (C2n2)2‖u0‖2L2
(
T − t0
T − t
)C1a
(t− t0 + 1
n
)
where ‖ω(h)‖2L2(Ω
−
1
n
) is estimated by (6.4). Iterating the argument above, thereby
deduce for m = 1, 2, 3, ..., n, for t ∈ [t0 + mn , T )
(6.6)
‖ω(t)‖2L2(Ω
−
m
n
) +
∫ t
t0+
m
n
(
T − h
T − t
)C1a
‖∇ω(h)‖2L2(Ω
−
m
n
)dh
≤ (C2n2)m‖u0‖2L2
(
T − t0
T − t
)C1a
(t− t0)m−1
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Next we assume (6.1) in Q := Ω× (t0, t] (t < T ) and apply (6.6) to the dilation
scaling ωλ1(z, s) = λ
2
1ω(λ1z, λ
2
1s) with
(6.7)
t− t0
λ21
> 1.
We find
Proposition 6.1. Assume (6.1) in Q := Ω × (t0, t] (t < T ) and λ1 <
√
t− t0.
Then for h ∈ [t0 + λ21, t],
(6.8) ‖ω(h)‖2L2(Ω−λ1 ) ≤ (C2n
2)n‖u0‖2L2
(
T − t0
T − h
)C1a
(h− t0)n−1λ−2n1
where n = 1, 2, 3, ..., C1 and C2 are universal constants and
Ω−λ1 := {x ∈ Ω, dist(x,R3 \ Ω) > λ1}.
On the other hand, by taking a cut-off function ψ only cutting off in space, we
can prove
Proposition 6.2. Assume (6.1) in Q := Ω×(t0, t] (t < T ). Then for any λ1 > 0,
for h ∈ [t0, t], we have
(6.9)
‖ω(h)‖2L2(Ω−λ1 ) ≤ ‖ω(t0)‖
2
L2(Ω−λ1 )
+ (C2n
2)n‖u0‖2L2
(
T − t0
T − h
)C1a
(h− t0)n−1λ−2n1
where n = 1, 2, 3, ..., C1 and C2 are universal constants and
Ω−λ1 := {x ∈ Ω, dist(x,R3 \ Ω) > λ1}.
7. frequency overlapping and measurement of moving boundary
of singular set
Let ϕ ∈ C∞0 (R3, [0, 1]) be a radial symmetrical function satisfying
ϕ(ξ) = 1 ∀|ξ| ≤ 1, ϕ(ξ) = 0 ∀|ξ| ≥ 2, ξ · ∇ϕ(ξ) ≤ 0 ∀ξ.
For β ∈ (0, 1
2
), let ρβ(t) := (T − t)β , λt := (T − t) 12 and
fµ
β
t := F−1[ϕ( λt
ρβ(t)
|η|)f(η)], f 1−µβt := F−1[(1− ϕ( λt
ρβ(t)
|η|))f(η)].
We now refine the operator µβt and 1 − µβt . Let χ ∈ C∞0 (B4/3(0)) and φ ∈
C∞0 (B8/3(0) \B3/4(0)) be the Littlewood-Paley dyadic decomposition that satisfy
[6]:
χ(ξ) +
∑
q≥0
φ(2−qξ) = 1,
1
3
≤ χ2(ξ) +
∑
q≥0
φ2(2−qξ) ≤ 1, ∀ξ ∈ R3.
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Define
∆φ−1u = F−1[χ(ξ)F [u](ξ)], ∆φqu = F−1[φ(2−qξ)F [u](ξ)], ∀q ≥ 0,
and
Sju =
∑
−1≤k≤j−1
∆φku, ∆
φ
j (u) = Sj+1(u)− Sj(u).
For the product uv of u and v, we use Bony’s paraproduct to decompose it as
the sum
uv = Tuv + Tvu+R(u, v)
of the paraproducts
Tuv :=
∑
j≥1
Sj−1u∆
φ
j v, Tvu :=
∑
j≥1
∆φj uSj−1v,
and the remainder
R(u, v) :=
∑
j≥−1
∑
j−1≤k≤j+1
∆φku∆
φ
j v,
where
Sjv =
∑
−1≤k≤j−1
∆φkv, S0v = ∆
φ
−1v, S−1v = 0.
By direct calculation we discover, for all q ≥ −1,
∆φq (Tvu) = ∆
φ
q (
∑
q−2≤j≤q+4
∆φj uSj−1v).
∆φq (R(u, v)) = ∆
φ
q (
∑
j≥q−3
j+1∑
k=j−1
∆φku∆
φ
j v).
Let
qβt ∈ N
with
log2
ρβ(t)
λt
− 1
2
< qβt ≤ log2
ρβ(t)
λt
+
1
2
.
It is easy to check
uµ
β
t =
∑
j≤qβt
∆φj (u
µβt ), u1−µ
β
t =
∑
j≥qβt −2
∆φj (u
1−µβt ).
Applying the operator (1− µβt ) to the equations (1.1) for u(x, h) we find
(7.1)
1
2
d
dh
‖u1−µβt (h)‖2L2 = (−)‖∇xu1−µ
β
t (h)‖2L2− < uj(h)∂ju(h), u(1−µ
β
t )
2
(h) >
= (−)‖∇xu1−µ
β
t (h)‖2L2− < u1−µ
β
t (h)∂ju
1−(1−µβt )2(h), u(1−µ
β
t )
2
(h) >
− < uµ
β
t ∩(1−µβt )
j ∂ju
1−(1−µβt )2(h), u(1−µ
β
t )
2
(h) > − < uµ
β
t
j ∂ju
(1−(1−µβt )2)∩(1−µβt )(h), u(1−µ
β
t )
2
(h) >
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where
f (1−µ
β
t )
2
:=
(
f 1−µ
β
t
)1−µβt
, f 1−(1−µ
β
t )
2
= F−1
[(
1−
(
1− ϕ( λt
ρβ(t)
|η|)
)2)
f(η)
]
,
fµ
β
t ∩(1−µβt ) :=
qβt +1∑
q=qβt −4
∆φq (f).
Notice that
‖f (1−µβt )2‖L2 = ‖F−1
[(
1− ϕ( λt
ρβ(t)
η)
)2
F [f ](η)
]
‖L2 ≤ ‖f 1−µ
β
t ‖L2
and
‖f 1−(1−µβt )2‖L2 = ‖ϕ( λt
ρβ(t)
η)
(
2− ϕ( λt
ρβ(t)
η)
)
F [f ](η)‖L2 ≤ 2‖fµ
β
t ‖L2 .
Finally we discover
d
dh
‖u1−µβt (h)‖2L2 = (−2)‖∇u1−µ
β
t (h)‖2L2 − 2 < u(1−µ
β
t )
2
, uj∂ju
1−(1−µβt )2 >
≤ −2‖∇u1−µβt (h)‖2L2 + cII‖∇xuµ
β
t (h)‖L∞‖u1−µ
β
t (h)‖L2(‖u1−µ
β
t (h)‖L2 + ‖uµ
β
t ∩(1−µβt )(h)‖L2)
+ cII‖uµ
β
t (h)‖L∞‖u1−µ
β
t (h)‖L2‖∇xuµ
β
t ∩(1−µβt )(h)‖L2
where at first glance, we have the estimate
‖∇xuµ
β
t (h)‖L∞ ≤ C
∫
{|η|≤(T−t)β− 12 }
|η||F [u](η, h)|dη ≤ C
(
ρβ(t)
λt
) 5
2
‖uµβt ‖L2.
Remark that the terms including uµ
β
t ∩(1−µβt ) reflect the frequency overlapping
phenomena in Navier-Stokes equations induced by nonlinearity.
Furthermore apply the Leray projection operator P, gradient operator ∇m and
the operator (1− µβt ) to the Navier-Stokes equations (1.1), we have
(7.2) ∂h∇mu1−µ
β
t = P∆∇mu1−µβt −P∇m(∂j(uju))1−µ
β
t .
Multiplying it with m = 2 by ∇2u1−µβt , and integrating over R3, we have
d
dh
‖∇2u1−µβt (h)‖2L2 = (−2)‖∇3u1−µ
β
t (h)‖2L2
−2 < ∇2u(1−µβt )2 ,∇2uj∂ju+ 2∇uj · ∂j∇u+ uj∂j∇2u1−(1−µ
β
t )
2
> (h).
First for the nonlinear part we have the estimates
| < ∇2u(1−µβt )2j ,∇2u1−µ
β
t
j ∂ju
1−µβt > | ≤ ‖∇2u1−µβt ‖L2‖∇2u1−µ
β
t ‖L3‖∇u1−µ
β
t ‖L6
≤ C‖∇2u1−µβt ‖
5
2
L2‖∇3u1−µ
β
t ‖
1
2
L2 ≤ ǫ‖∇3u1−µ
β
t ‖2L2 + Cǫ‖∇2u1−µ
β
t ‖
10
3
L2 ,
for any ǫ > 0, and
| < ∇2u(1−µ
β
t )
2
j , u
µβt
j ∂j∇2uµ
β
t > | ≤ C‖∇2u1−µβt ‖
10
3
L2 + C‖uµ
β
t ‖
6
7
L2(
ρβ(t)
λt
)3+
10
7 ‖∇uµβt ‖2L2 ,
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as well as
| < ∇2u(1−µ
β
t )
2
j ,∇2u1−µ
β
t
j ∂ju
µβt +∇u1−µ
β
t
j ∂j∇uµ
β
t + u
1−µβt
j ∂j∇2uµ
β
t > |
≤ ‖∇2u1−µβt ‖2L2‖∇uµ
β
t ‖L∞ + ‖∇2u1−µ
β
t ‖L2‖∇u1−µ
β
t ‖L6‖∇2uµ
β
t ‖L3
≤ C‖∇2u1−µβt ‖
10
3
L2 + C‖uµ
β
t ‖
1
2
L2(
ρβ(t)
λt
)
17
4 ‖∇uµβt ‖2L2 .
Take ǫ = 1
8
and note also
‖∇2u1−µβt ‖2L2 ≤ ‖∇3u1−µ
β
t ‖L2‖∇u1−µ
β
t ‖L2 ≤ ‖∇3u1−µ
β
t ‖L2‖∇u1−µ
β
t ‖
1
3
L2‖∇2u1−µ
β
t ‖
1
3
L2‖u1−µ
β
t ‖
1
3
L2 ,
and
‖∇2u1−µβt ‖
5
3
L2 ≤ [Re1−µ
β
t (h)]
2
3‖∇3u1−µβt ‖L2 ,
as well as
‖∇2u1−µβt ‖3/2L2
‖u1−µβt ‖1/2L2
≤ ‖∇3u1−µβt ‖L2 .
Consequently
(7.3)
d
dh
‖∇2xu1−µ
β
t (h)‖2L2
≤ −3
4
‖∇3xu1−µ
β
t (h)‖2L2 −
‖∇2xu1−µ
β
t (h)‖3L2
‖u1−µβt (h)‖L2
+ c1‖∇2u1−µ
β
t (h)‖
10
3
L2 + c2
(
ρβ(t)
λt
)5+ 10
7
and
(7.4)
d
dh
‖∇2xu1−µ
β
t (h)‖2L2
≤ −
(
3
4
− c1[Re1−µ
β
t (h)]
4
3
)
‖∇3xu1−µ
β
t (h)‖2L2 −
‖∇2xu1−µ
β
t (h)‖3L2
‖u1−µβt (h)‖L2
+ c¯2
(
ρβ(t)
λt
)3+ 10
7
‖∇uµβt (h)‖2L2
where c1 is a universal constant and
c¯2 = Cmax
h
(
‖uµβt (h)‖
6
7
L2 + ‖uµ
β
t (h)‖
1
2
L2
(
ρβ(t)
λt
) 1
4
− 3
7
)
,
c2 = Cmax
h
(
‖uµβt (h)‖
20
7
L2 + ‖uµ
β
t (h)‖
5
2
L2
(
ρβ(t)
λt
) 1
4
− 3
7
)
.
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Similarly we can deduce
(7.5)
d
dh
‖∇3xu1−µ
β
t (h)‖2L2
≤ −
(
1− Re1−µβt (h)− [Re1−µβt (h)] 45 − [Re1−µβt (h)] 32 − [Re1−µβt (h)]2
)
‖∇4xu1−µ
β
t (h)‖2L2
+ C
(
ρβ(t)
λt
)7
‖uµβt (h)‖2L2‖∇uµ
β
t (h)‖2L2
+ C
(
‖∇uµβt (h)‖
7
2
L∞ + ‖∇3uµ
β
t (h)‖2L6 + ‖∇2uµ
β
t (h)‖
7
3
L∞ + ‖∇3uµ
β
t (h)‖
7
3
L3
)
≤ −
(
1− Re1−µβt (h)− [Re1−µβt (h)] 45 − [Re1−µβt (h)] 32 − [Re1−µβt (h)]2
)
‖∇4xu1−µ
β
t (h)‖2L2
+ c6
(
ρβ(t)
λt
)7
‖uµβt (h)‖2L2‖∇uµ
β
t (h)‖2L2
and
(7.6)
d
dh
‖∇4xu1−µ
β
t (h)‖2L2
≤ −
(
1− [Re1−µβt (h)] 47 − [Re1−µβt (h)]4
)
‖∇5xu1−µ
β
t (h)‖2L2
+ c7
(
ρβ(t)
λt
) 23
2
‖uµβt (h)‖7L2‖∇uµ
β
t (h)‖2L2
where c7 is a universal constants. In section 8, c6 is a universal constant provided
α1 > 4β.
Lemma 7.1. Suppose for t¯ < t < T there is t1 ∈ (t¯, T ) such that
‖u1−µβt (h)‖L2 < B := 1
(2c1)
9
10 (2c2)
1
10
(
λt
ρβ(t)
) 1
2
+ 1
7
, t¯ ≤ ∀h ≤ t1
and suppose
‖∇2u1−µβt (t¯)‖2L2 < Z0 :=
1
(2c1B)6
.
Then we have t¯ ≤ ∀h ≤ t1
‖∇2u1−µβt (h)‖2L2 ≤
1
(2c1B)6
, Re1−µ
β
t (h) := ‖u1−µβt (h)‖
1
2
L2‖∇u1−µ
β
t (h)‖
1
2
L2 ≤
1
(2c1)
3
4
.
Moreover, for h ∈ (t¯, t1)
‖∇2xu1−µ
β
t (h)‖2L2 +
1
4
∫ h
t¯
‖∇3xu1−µ
β
t (h¯)‖2L2dh¯ ≤ ‖∇2xu1−µ
β
t (t¯)‖2L2 + c2
(
ρβ(t)
λt
)3+ 10
7
,
‖∇3xu1−µ
β
t (h)‖2L2 +
1
4
∫ h
t¯
‖∇4xu1−µ
β
t (h¯)‖2L2dh¯ ≤ ‖∇3xu1−µ
β
t (t¯)‖2L2 + c6‖u(t¯)‖4L2
(
ρβ(t)
λt
)7
,
‖∇4xu1−µ
β
t (h)‖2L2 +
1
4
∫ h
t¯
‖∇5xu1−µ
β
t (h¯)‖2L2dh¯ ≤ ‖∇4xu1−µ
β
t (t¯)‖2L2 + c7‖u(t¯)‖9L2
(
ρβ(t)
λt
) 23
2
.
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Proof. The solution to the super-equation

d
dh
Z(h) = −Z
3/2(h)
B
+ c1Z
5/3(h) + c2
(
ρβ(t)
λt
)5+ 10
7
, ∀h ∈ (t¯, t1]
Z(t¯) = ‖∇2u1−µβt (t¯)‖2L2
is less than Z0 because the right side at Z = Z0 is minus and
‖∇2u1−µβt (t¯)‖2L2 < Z0.
Utilizing (7.3) we have ‖∇2u1−µβt (h)‖2L2 ≤ Z0. On the other hand,
[Re1−µ
β
t (h)]8 =
‖∇u1−µβt (h)‖4L2‖u1−µ
β
t (h)‖6L2
‖u1−µβt (h)‖2L2
≤ ‖∇2u1−µβt (h)‖2L2‖u1−µ
β
t (h)‖6L2
≤ ‖u
1−µβt (h)‖6L2
(2c1B)6
≤ 1
(2c1)6
.
Furthermore, utilizing (7.4) for h ∈ (t¯, t1)
‖∇2xu1−µ
β
t (h)‖2L2 +
1
4
∫ h
t¯
‖∇3xu1−µ
β
t (h¯)‖2L2dh¯
≤ ‖∇2xu1−µ
β
t (t¯)‖2L2 + c¯2
(
ρβ(t)
λt
)3+ 10
7
∫ h
t¯
‖∇uµβt (h¯)‖2L2dh¯
≤ ‖∇2xu1−µ
β
t (t¯)‖2L2 + c2
(
ρβ(t)
λt
)3+ 10
7
.
In light of (7.5), we have another one. 
Multiply (7.2) with m = 1 by ∇u(1−µβt )2 , and control the nonlinear part by
| < ∇2u(1−µβt )2 , u1−µβtj ∂ju(1−µ
β
t )
2
> | ≤ c3‖∇2u1−µ
β
t ‖2L2‖∇u1−µ
β
t ‖
1
2
L2‖u1−µ
β
t ‖
1
2
L2,
and
| < u(1−µβt )2 , uµ
β
t
j ∂j∇2u1−(1−µ
β
t )
2
> | ≤ ‖u1−µβt ‖L2‖uµ
β
t ‖L6‖∇3uµ
β
t ‖L3
≤ C
(
ρβ(t)
λt
)2+ 1
2
‖u1−µβt ‖L2‖∇uµ
β
t ‖2L2,
as well as
| < ∇u(1−µβt )2 ,∇u1−µ
β
t
j ∂ju
1−(1−µβt )2 + u1−µ
β
t
j ∂j∇u1−(1−µ
β
t )
2
> |
≤ 2‖∇u1−µβt ‖L6‖∇u1−µ
β
t ‖L2‖∇uµ
β
t ‖L3 + ‖∇2u1−µ
β
t ‖L2‖u1−µ
β
t ‖L6‖∇uµ
β
t ‖L3
≤ C‖∇2u1−µβt ‖
4
3
L2‖∇u1−µ
β
t ‖
1
3
L2‖u1−µ
β
t ‖
1
3
L2‖∇uµ
β
t ‖L2
(
ρβ(t)
λt
) 1
2
.
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Then we have
(7.7)
d
dh
‖∇u1−µβt (h)‖2L2 = (−2)‖∇2u1−µ
β
t (h)‖2L2 − 2 < ∇u(1−µ
β
t )
2
,∇uj∂ju+ uj∂j∇uµ
β
t >
≤
(
−2 + 2(c3 + ǫ2)Re1−µ
β
t (h)
)
‖∇2u1−µβt (h)‖2L2
+
(
ρβ(t)
λt
) 5
2 (
Cǫ2‖uµ
β
t (h)‖L2‖∇uµ
β
t (h)‖2L2 + C‖u1−µ
β
t ‖L2‖∇uµ
β
t ‖2L2
)
.
for any ǫ2 > 0. Let c5 = 2(c3 + ǫ2). Note that
‖∇2u1−µβt (h)‖2L2 ≥
‖∇u1−µβt (h)‖4L2
‖u1−µβt (h)‖2L2
=
‖∇u1−µβt (h)‖6L2
‖∇u1−µβt (h)‖2L2‖u1−µ
β
t (h)‖2L2
=
‖∇u1−µβt (h)‖6L2
Re1−µ
β
t (h)4
and (
Cǫ2‖uµ
β
t (h)‖L2‖∇uµ
β
t (h)‖2L2 + C‖u1−µ
β
t ‖L2‖∇uµ
β
t ‖2L2
)
≤ c4
(
ρβ(t)
λt
)2
where
c4 := max
t¯≤h≤t1
(
Cǫ2‖uµ
β
t (h)‖3L2 + C‖u1−µ
β
t ‖L2‖uµ
β
t ‖2L2
)
.
In light of the proof of the foregoing lemma then we see
Lemma 7.2. Suppose there is t1 ∈ (t¯, t] such that
Re1−µ
β
t (h) ≤ 1
c5
, t¯ ≤ ∀h ≤ t1,
and T − t small enough so that
‖∇u1−µβt (t¯)‖L2 ≤ c
1/6
4
c
2/3
5
(
ρβ(t)
λt
)3/4
.
Then we have t¯ ≤ ∀h ≤ t1
‖∇u1−µβt (h)‖L2 ≤ c
1/6
4
c
2/3
5
(
ρβ(t)
λt
)3/4
.
Remark 7.3. Following inequalities will be used
(7.8)
‖∇u1−µβt (h)‖L2 ≤ ‖∇2u1−µ
β
t (h)‖
1
3
L2 [Re
1−µβt (h)]
2
3 ,
‖∇2u1−µβt (h)‖L2 ≤ ‖∇3u1−µ
β
t (h)‖
3
5
L2[Re
1−µβt (h)]
2
5 ,
‖∇3u1−µβt (h)‖L2 ≤ ‖∇4u1−µ
β
t (h)‖
5
7
L2[Re
1−µβt (h)]
2
7 ,
‖∇4u1−µβt (h)‖L2 ≤ ‖∇5u1−µ
β
t (h)‖
7
9
L2[Re
1−µβt (h)]
2
9 ,
Re1−µ
β
t (h) ≤ ‖u1−µβt (h)‖
3
4
L2‖∇2u1−µ
β
t (h)‖
1
4
L2 ≤ ‖u1−µ
β
t (h)‖
3
4
L2Z
1
8
0
. ‖u1−µβt (h)‖
3
4
L2‖u(t¯)‖
3
14
L2(T − t)(−)
27
56
( 1
2
−β).
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7.1. refined estimate of ‖∇xuµβt (h)‖L∞. For t0 ∈ [0, T ), for t ∈ (t0, T ) and for
a > 0 let
(7.9)
Ga(h) := {x ∈ R3 : |u(x, h)| > a
(T − h) 12 }, ∀h ∈ (t0, t]
Ga(t0, t] := ∪t0<h≤tGa(h), Ga,c(t0, t] := R3 \Ga(t0, t]
ga(t0, t] := ∩t0<h≤tGa(h).
Sometimes we also use Ga and Ga,c as well as ga instead of Ga(t0, t] and G
a,c(t0, t]
as well as ga(t0, t].
We observe from section 6 (6.8) with Ω = Ga,c(t0, t] and scaling constant λ1 <√
t− t0 that for h ∈ [t0 + λ21, t]
(7.10) ‖ω(h)‖2L2(Ga,c
−λ1
(t0,t])
≤ (C2n2)n‖u(t0)‖2L2
(
T − t0
T − h
)C1a
(h− t0)n−1λ−2n1
where n = 1, 2, 3, ... and
Ga,c−λ1(t0, t] := {x ∈ Ga,c(t0, t], dist(x,Ga(t0, t]) > λ1} = R3 \Gaλ1(t0, t].
On the other hand, suppose
(7.11) (T − t) 32 (β− 12 )‖uµβt (h)‖L2(R3) ≤ a
2(T − h) 12 , ∀h ∈ (t0, t].
Then
|uµβt (x, h)| ≤ (T − t) 32 (β− 12 )‖uµβt (h)‖L2(R3) ≤ a
2(T − h) 12 , ∀h ∈ (t0, t], ∀x ∈ R
3
|u1−µβt (x, h)| > a
2(T − h) 12 , ∀h ∈ (t0, t], ∀x ∈ G
a(h).
We find for 0 < b ≤ a
‖∇xuµ
β
t (h)‖L2(Gaλ1(t0,t]) ≤
(∫
Gaλ1
(t0,t]
|∇xuµ
β
t (x, h)|6dx
) 1
6 (∫
gb(t0,t]
dx+ |Gaλ1(t0, t] \ gb(t0, t]|
) 1
3
≤ ‖∇xuµ
β
t (h)‖L6(Gaλ1 (t0,t])
((
2
b
)2
(T − h)
∫
gb(t0,t]
|u1−µβt (x, h)|2dx+ |Gaλ1(t0, t] \ gb(t0, t]|
) 1
3
.
Finally we discover
Lemma 7.4. Let 0 ≤ t0 < t < T , a > 0 and β ∈ (0, 12). Suppose (7.11). Then
(1)for λ1 <
√
t− t0, for h ∈ [t0 + λ21, t], we have for 0 < b ≤ a
‖∇xuµ
β
t (h)‖L∞(R3) ≤ (T − t) 32 (β− 12 )
{
C
n
2
2 n
n‖u(t0)‖L2(R3)
(
T − t0
T − h
)C1a
2
(h− t0)n−12 λ−n1
+‖∇2xuµ
β
t (h)‖L2(R3)
((
2
b
)2
(T − h)‖u1−µβt (h)‖2L2(gb(t0,t]) + |Gaλ1(t0, t] \ gb(t0, t]|
) 1
3


∗
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where n = 1, 2, 3, ..., C1 and C2 are universal constants.
(2) for λ1 > 0, for h ∈ [t0, t], we have for 0 < b ≤ a
‖∇xuµ
β
t (h)‖L∞(R3)
≤ (T − t) 32 (β− 12 )
{
‖∇xu(t0)‖L2(R3) + C
n
2
2 n
n‖u(t0)‖L2(R3)
(
T − t0
T − h
)C1a
2
(h− t0)n−12 λ−n1
+‖∇2xuµ
β
t (h)‖L2(R3)
((
2
b
)2
(T − h)‖u1−µβt (h)‖2L2(gb(t0,t]) + |Gaλ1(t0, t] \ gb(t0, t]|
) 1
3


∗
where n = 1, 2, 3, ..., C1 and C2 are universal constants.
Notice that by dividing the inner product in (7.1) into two parts we have the
improved inequality
(7.12)
d
dh
‖u1−µβt (h)‖2L2 ≤ −2‖∇u1−µ
β
t (h)‖2L2
+ cII‖∇xuµ
β
t (h)‖L∞(Ga,c
−λ1
(t0,t])‖u1−µ
β
t (h)‖L2(Ga,c
−λ1
(t0,t])(‖u1−µ
β
t (h)‖L2(Ga,c
−λ1
(t0,t])
+ ‖uµβt ∩(1−µβt )(h)‖L2(Ga,c
−λ1
(t0,t]))
+ cII‖uµ
β
t (h)‖L∞(Ga,c
−λ1
(t0,t])‖u1−µ
β
t (h)‖L2(Ga,c
−λ1
(t0,t])‖∇xuµ
β
t ∩(1−µβt )(h)‖L2(Ga,c
−λ1
(t0,t])
+ cII‖∇xuµ
β
t (h)‖L∞(Gaλ1 (t0,t])‖u
1−µβt (h)‖L2(Gaλ1 (t0,t])(‖u
1−µβt (h)‖L2(Gaλ1 (t0,t])
+ ‖uµβt ∩(1−µβt )(h)‖L2(Gaλ1 (t0,t]))
+ cII‖uµ
β
t (h)‖L∞(Gaλ1 (t0,t])‖u
1−µβt (h)‖L2(Gaλ1 (t0,t])‖∇xu
µβt ∩(1−µβt )(h)‖L2(Gaλ1 (t0,t])
for h ∈ [t0 + λ21, t], where
(7.13)
cII‖∇xuµ
β
t (h)‖L∞(Ga,c
−λ1
(t0,t])‖u1−µ
5
4β−
1
8
t (h)‖2L2(Ga,c
−λ1
(t0,t])
≤ (T − t)−52 ( 12−β)cII‖uµ
β
t (h)‖L2‖u1−µ
5
4 β−
1
8
t (h)‖2L2
≤ cII‖uµ
β
t (h)‖L2‖∇xu1−µ
5
4β−
1
8
t (h)‖2L2
can be controlled by ‖∇u1−µβt (h)‖2L2 provided ‖u0‖L2 is small enough, and
‖uµ
5
4β−
1
8
t ∩(1−µβt )(h)‖L2(Ga,c
−λ1
(t0,t]), ‖uµ
β
t ∩(1−µβt )(h)‖L2(Ga,c
−λ1
(t0,t])
will be estimated by following lemma.
33
Jian Zhai
Lemma 7.5. For any ϕ1 ∈ C10(R3) and ψ1 ∈ C10(R3), there is ζ ∈ C(R3) such
that
(7.14)
F−1
[
ϕ1(
λt
ρβ(t)
| · |)F [ψ1u](·)
]
(x)− ψ1(x)F−1
[
ϕ1(
λt
ρβ(t)
| · |)F [u](·)
]
(x)
=
3∑
j=1
i
(
ρβ(t)
λt
)2 ∫
R3
F−1[∂jϕ1]
(
ρβ(t)
λt
(x− x¯)
)
(∂jψ1 ◦ ζ(x, x¯))u(x¯)dx¯
=
3∑
j=1
i
(
λt
ρβ(t)
)
F−1
[
∂ξjϕ1(|ξ|)|ξ= λt
ρβ(t)
(·)F [∂jψ1 ◦ ζ(x, ∗)u(∗)](·)
]
(x)
Proof. For any x, x¯, there is θ ∈ [0, 1] such that x˜ = θx+ (1− θ)x¯
ψ1(x)− ψ1(x¯) = (x− x¯) · ∇ψ1(x˜)
where θ = θ(x, x¯) continuously depends on x and x¯. Take ζ = θx+ (1− θ)x¯ and
note that
F
[
ρβ(t)
λt
(xj − x¯j)
(
ρβ(t)
λt
)3
F−1[ϕ1]
(
ρβ(t)
λt
(x− x¯)
)]
(η) = i
ηj
|η|ϕ
′
1(
λt
ρβ(t)
|η|)
we get the conclusion. 
Take
ϕ1 = (1− ϕ(ρβ(t)
λt
|η|))ϕ(
ρ 5
4
β− 1
8
(t)
λt
|η|)
and ψ1 ∈ C10 satisfying ψ1 ≥ 0, |∇xψ1| . λ−11 and
ψ1(x) =
{
1, ∀x ∈ Ga,c−λ1(t0, t]
0, ∀x ∈ Ga(t0, t].
and note that
(T − t)β− 12‖u1−µβt (h)‖L2(Ga,c
−λ1
(t0,t]) ≤ (T − t)β−
1
2‖ψ1u1−µ
β
t (h)‖L2 ,
(T − t)β− 12‖(ψ1u)1−µ
β
t (h)‖L2 ≤ ‖∇x(ψ1u)1−µ
β
t (h)‖L2
≤ ‖ω1−µ
β
t
ψ1
(h)‖L2 + ‖ ((∇xψ1)× u)1−µ
β
t (h)‖L2 + ‖(u · ∇xψ1)1−µ
β
t (h)‖L2 .
Applying Lemma7.5 we discover
(7.15)
‖uµ
5
4β−
1
8
t ∩(1−µβt )(h)‖L2(Ga,c
−λ1
(t0,t])
≤ (T − t) 12−β
(
‖ω1−µβtψ1 (h)‖L2 + ‖ ((∇xψ1)× u)1−µ
β
t (h)‖L2 + ‖(u · ∇xψ1)1−µ
β
t (h)‖L2
)
+ (T − t) 12−β‖F−1
[
∂ξjϕ(|ξ|)|ξ= λt
ρβ(t)
(·)F [∂jψ1 ◦ ζ(x, ∗)u(∗)](·)
]
‖L2
. (T − t) 12−β
(
‖ω1−µβtψ1 (h)‖L2 + ‖ ((∇xψ1)× u)1−µ
β
t (h)‖L2 + ‖(u · ∇xψ1)1−µ
β
t (h)‖L2
)
+ (T − t) 12−βλ−11 ‖u(h)‖L2
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where ‖ω1−µ
β
t
ψ1
(h)‖L2 can be estimated by (7.10). We have similar estimate for
‖uµβt ∩(1−µβt )(h)‖L2(Ga,c
−λ1
(t0,t]).
7.2. frequency decay is maintained.
Lemma 7.6. There is t0 ∈ (0, T ) and cI > 0 such that for t ∈ [t0, T ),
(7.16) ‖∇u(t)‖2L2 ≥
cI
(T − t) 12 .
Moreover, for each β ≥ 3
10
, there is t1 = t1(β, ‖u0‖L2) ∈ [t0, T ) such that for
t ∈ [t1, T ),
(7.17) ‖∇u1−µ
β
t (t)‖2L2 ≥
cI
2(T − t) 12 .
and
(7.18)
‖u1−µβt (t)‖2L2 − cI(T − t)
1
2
≤ ‖u1−µβt1 (t1)‖2L2 − cI(T − t1)
1
2 .
P roof. (7.16) was given by Leray [35]. Recall from the definition of µβt that
‖∇u(t)‖2L2 = ‖∇uµ
β
t (t)‖2L2+‖∇u1−µ
β
t (t)‖2L2 ≤ (T−t)2β−1‖uµ
β
t (t)‖2L2+‖∇u1−µ
β
t (t)‖2L2 .
Observe that for β > 1
4
(T − t)2β−1 < (T − t)−12 ,
and for β ≥ 3
10
cI
2(T − t) 12 ≥ cII(T − t)
−( 5
2
)( 1
2
−β)‖u1−µβt (t)‖L2‖u0‖2L2
provided T − t is small enough and ‖u0‖3L2 ≤ cI/2cII . Consequently, for β ≥ 310 ,
there is t1 = t1(β, ‖u0‖L2) ∈ (t0, T ) such that for t ∈ [t1, T )
‖∇uµβt (t)‖2L2 ≤
cI
2(T − t) 12 ,
‖∇u1−µβt (t)‖2L2 ≥
cI
2(T − t) 12 ≥ cII(T − t)
−( 5
2
)( 1
2
−β)‖u1−µβt (t)‖L2‖u0‖2L2.
Applying these observation to
d
dt
‖u1−µβt (t)‖2L2 =
d
dh
|h=t‖u1−µ
β
t (h)‖2L2
+
1− 2β
T − t
∫
R3
(1− ϕ( λt
ρ(t)
|η|))ϕ′( λt
ρ(t)
|η|) λt
ρ(t)
|η||F [u](η, t)|2dη
≤ −2‖∇u1−µβt (h)‖2L2 + cII
(
ρβ(t)
λt
) 5
2
‖uµβt (h)‖L2‖u1−µ
β
t (h)‖L2(‖u1−µ
β
t (h)‖L2 + ‖uµ
β
t ∩(1−µβt )(h)‖L2)
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where ϕ′ ≤ 0, we find
d
dt
‖u1−µβt (t)‖2L2 ≤
−cI
2(T − t) 12 .
Then we proved this lemma. 
7.3. estimate of ‖u(t)− S(t)u0‖L 32 . Let
(7.19) v(x, t) = u(x, t)− S(t)u0.
here S(h) = exp{h∆} denotes the heat kernel operator. Note that v is a solution
of the equation
(7.20) ∂tv = P∆v − P∂j(uju), ∀t > 0, ∀x ∈ R3
with zero initial data. Here P is the Leray projection operator.
For β ∈ (0, 1
2
), recall the definition of f 1−µ
β
t , fµ
β
t and fµ
β
t ∩(1−µβt ) at the beginning
of this section and let β ′ = β ′(β) ∈ (0, 1
2
) satisfy
(7.21) qβ
′
t = q
β
t + 2.
Note that
2−3(T − t)β′− 12 ≤ 2qβ
′
t − 52 ≤ (T − t)β− 12 ≤ 2qβ
′
t +
3
2 ≤ 22(T − t)β′− 12
and
µβt ⊂ µβ
′
t , µ
β′
t ∩ (1− µβ
′
t ) ⊂ 1− µβt , 1− µβ
′
t ⊂ 1− µβt .
Lemma 7.7. For all 0 < h < T
‖∇xv(h)‖L1(R3) ≤ C(‖u0‖2L2 + T‖u0‖L2‖∇2xu0‖L2).
P roof. For σ ∈ (0, 1], j, k ∈ {1, 2, 3} fixed, Vσ(x, t) := 1σ (vj(x+σek, t)−vj(x, t)).
We have
∂tVσ + u · ∇xVσ −∆xVσ = 1
σ
(∂jp− ∂jp(·+ σek)) + 1
σ
(u(·+ σek)− u) · ∇xuj(·+ σek)
− 1
σ
u · ∇x (S(t)u0(·+ σek)− S(t)u0)j
We deduce that the right-hand side, denoted by mσ, is bounded in L
1(R3×(0, T ))
uniformly in σ ∈ (0, 1] and
lim
σ→0
‖mσ‖L1(R3×(0,T )) . ‖u0‖2L2 + T‖u0‖L2‖∇2xu0‖L2 .
Since u ∈ L2(0, T ;H1(R3)) and Vσ ∈ L∞(0, T ;L2(R3)) ∩ L2(0, T ;L6(R3)), we
deduce from [39] Lemma 2.3 that we have
∂t(Vσ)ǫ + u · ∇x(Vσ)ǫ −∆x(Vσ)ǫ = (mσ)ǫ + rσ(ǫ)
where (Vσ)ǫ denotes the ǫ-smoothing of Vσ and
rσ(ǫ)→ 0 as ǫ ↓ 0 in L2(0, T ;L1(R3)) ∩ L1(0, T ;L 32 (R3))
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for each σ > 0 fixed. Letting ǫ ↓ 0 we recover
∂t|Vσ|+ (u · ∇x)|Vσ| −∆x|Vσ| ≤ |mσ|, in R3 × (0, T )
|Vσ|(x, 0) = 0.
Multiply by ϕ(|x|/n) where ϕ ∈ C∞0 (R3)
ϕ(x) =


1, ∀|x| ≤ 1,
∈ [0, 1], ∀1 < |x| < 2,
0, ∀|x| ≥ 2,
and integrate over R3 × [0, t]∫
|Vσ(x, t)|ϕ(|x|/n)dx ≤ C
(‖u0‖2L2 + T‖u0‖L2‖∇2xu0‖L2)+ 1n2
∫ t
0
∫
|Vσ|(−∆ϕ)(|x|/n)dxds
+
1
n
∫ t
0
∫
|u||Vσ||∇ϕ(|x|/n)|dxds.
First letting n→∞, next letting σ ↓ 0, we deduce ‖∇xv(t)‖L1(R3) ≤ C(‖u0‖2L2 +
T‖u0‖L2‖∇2xu0‖L2).
Another proof. Let ω¯ = ∇x × v. We have
∂hω¯ −∆xω¯ = (ω · ∇x)u− (u · ∇x)ω.
We find∫
|ω¯(x, h)|dh+
∫ h
t0
∫
|ω¯(x, h′)||∇x ω¯(x, h
′)
|ω¯(x, h′)| |
2dxdh′
= −
∫ h
t0
∫
((u(x, h′) · ∇x)ω¯(x, h′)) · ω¯(x, h
′)
|ω¯(x, h′)|dxdh
′
+
∫ h
t0
∫
((ω(x, h′) · ∇x)u(x, h′)− (u(x, h′) · ∇x)S(h′ − t0)ω(x, t0)) · ω¯(x, h
′)
|ω¯(x, h′)|dxdh
′
=
∫ h
t0
∫
((ω(x, h′) · ∇x)u(x, h′)− (u(x, h′) · ∇x)S(h′ − t0)ω(x, t0)) · ω¯(x, h
′)
|ω¯(x, h′)|dxdh
′
≤ C(‖u0‖2L2 + T‖u0‖L2‖∇2xu0‖L2).

7.4. measurement of Ga(t0, t] \ gb(t0, t]. Suppose (7.11) is satisfied at t0, that
is
(T − t) 32 (β− 12 )‖uµβt (t0)‖L2(R3) ≤ a
2(T − t0) 12
,
which implies
|uµβt (x, t0)| ≤ (T − t) 32 (β− 12 )‖uµ
β
t (t0)‖L2(R3) ≤ a
2(T − t0) 12
, ∀x ∈ R3.
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Furthermore suppose
(7.22) |u1−µ
β
t (x, t0)| < a
4(T − t0) 12
, ∀x ∈ R3.
Then for t0 < h ≤ t,
|v1−µβt (x, h)| = |u1−µβt (x, h)− S(h− t0)u1−µ
β
t (t0)| ≥ a
4(T − h) 12 , ∀x ∈ G
a(h).
Without loss generality, when 7.11 and 7.22 are satisfied, we will use u1−µ
β
t (even
v1−µ
β
t ) instead of u in the definition of Ga(h) (see (7.9)).
Recall now the coarea formula [18]∫
|Dχb,a((T − h) 12 |v(x, h)|)|dx =
∫ +∞
−∞
H2
(
{χb,a((T − h) 12 |v(x, h)|) = σ}
)
dσ
=
∫ a
b
H2
(
{(T − h) 12 |v(x, h)| = σ}
)
dσ
= (a− b)H2
(
{(T − h) 12 |v(x, h)| = σ∗(h)}
)
, for some σ∗(h) ∈ (b, a),
where 0 < b < a and
χb,a(r) :=


b, ∀r ≤ b
r, ∀b < r < a
a, ∀r ≥ a.
On the other hand, employing Lemma 7.7∫
|Dχb,a((T − h) 12 |v(x, h)|)|dx ≤ (T − h) 12
∫
{b≤(T−h) 12 |v(x,h)|≤a}
|∇xv(x, h)|dx
≤ (T − h) 12
∫
R3
|∇xv(x, h)|dx ≤ C(‖u0‖2L2 + T‖u0‖L2‖∇2xu0‖L2)(T − h)
1
2 ,
we deduce
(7.23)
H2
(
{(T − h) 12 |v(x, h)| = σ∗(h)}
)
≤ C(a−b)−1(‖u0‖2L2+T‖u0‖L2‖∇2xu0‖L2)(T−h)
1
2 ,
and
|Ga(t0, t]| ≤ H3
(
∪th=t0{(T − h)
1
2 |v(x, h)| ≥ σ∗(h)}
)
≤ sup
t0≤h≤t
|Gb(h)| ≤ b−2‖u0‖2L2(T − t0).
Let Gσλ1(h) := the λ1−neighborhood of Gσ(h).
Lemma 7.8. Suppose (7.11) and (7.22). Then for 0 < b < a, we have
(7.24)
|Gσ∗(h)λ1 (h) \Gσ
∗(h)(h)| ≤ C(a− b)−1(‖u0‖2L2 + T‖u0‖L2‖∇2xu0‖L2)(T − t0)
1
2
+a1 ,
|Ga(t0, t] \ gb(t0, t]| ≤∫ t
t0
a
2(a− b)(T − h) |G
b(h) \Ga(h)|dh+
∫ t
t0
(T − h) 12
a− b dh
∫
Gb(h)\Ga(h)
|∂h|u1−µ
β
t (x, h)||dx.
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Proof. To deduce (7.24), we only need to measure the λ1-neighborhood of
{(T−h) 12 |v(x, h)| = σ∗(h)} (t0 ≤ h ≤ t), that is |∪th=t0 [0, λ1]×{(T−h)
1
2 |v(x, h)| =
σ∗(h)}|. Since at each time h, the volume of λ1-neighborhood of {(T−h) 12 |v(x, h)| =
σ∗(h)} (t0 ≤ h ≤ t) is estimated by
(7.25) C(a− b)−1(‖u0‖2L2 + T‖u0‖L2‖∇2xu0‖L2)(T − h)
1
2λ1,
the initial volume is bounded by (7.25).
On the other hand, for σ ∈ (b, a)
(7.26)
Ga(t0, t] ⊂ ∪th=t0{(T − h)
1
2 |u1−µβt (x, h)| ≥ σ},
gb(t0, t] ⊃ ∩th=t0{(T − h)
1
2 |u1−µβt (x, h)| ≥ σ}
and from
|u1−µβt (x, h)| = σ
(T − h) 12 , for x ∈ ∂G
σ(h),
the normal velocity
(7.27)
νσ(x, h) :=
dx
dh
· ∇x|u
1−µβt (x, h)|
|∇x|u1−µβt (x, h)||
=
σ
2(T − h) 32 |∇x|u1−µβt (x, h)||
− ∂h|u
1−µβt (x, h)|
|∇x|u1−µβt (x, h)||
.
39
Jian Zhai
Due to the motion of the boundary ∂Gσ(h), the new increasing volume in unit
time equals to
∫
∂Gσ(h)
|νσ(x, h)|dH2(x).
Let
ν(x, h) =
a
2(T − h) 32 |∇x|u1−µβt (x, h)||
+
|∂h|u1−µβt (x, h)||
|∇x|u1−µβt (x, h)||
(≥ sup
b<σ<a
|νσ(x, h)|).
By applying the general coarea formula to f(x, h) := (T−h) 12 |u1−µβt (x, h)| [18](pp.103
Th.3) we have
(T − h) 12
∫
Gb(h)\Ga(h)
ν(x, h)|∇x|u1−µ
β
t (x, h)||dx =
∫ a
b
dσ
∫
∂Gσ(h)
ν(x, h)dH2(x).
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Integrate over [t0, t]
(7.28)∫ t
t0
(T − h) 12
∫
Gb(h)\Ga(h)
ν(x, h)|∇x|u1−µ
β
t (x, h)||dxdh =
∫ t
t0
∫ a
b
∫
∂Gσ(h)
ν(x, h)dH2(x)dσdh
=
∫ a
b
∫ t
t0
∫
∂Gσ(h)
ν(x, h)dH2(x)dhdσ
= (a− b)
∫ t
t0
∫
∂Gσ∗∗(h)
ν(x, h)dH2(x)dh
for some σ∗∗ ∈ (b, a). We find
|Ga(t0, t] \ gb(t0, t]|
≤ H3
(
∪th=t0{(T − h)
1
2 |u1−µβt (x, h)| ≥ σ∗∗} \ ∩th=t0{(T − h)
1
2 |u1−µβt (x, h)| ≥ σ∗∗}
)
≤
∫ t
t0
dh
∫
∂Gσ∗∗(h)
ν(x, h)dH2(x)
=
∫ t
t0
(T − h) 12
(a− b)
∫
Gb(h)\Ga(h)
|∇x|u1−µ
β
t (x, h)||ν(x, h)dxdh
So the new increasing volume due to the motion of boundary is bounded by
(7.29)
|Ga(t0, t] \ gb(t0, t]| ≤∫ t
t0
dh
(T − h) 12
a− b
∫
Gb(h)\Ga(h)
(
a
2(T − h) 32 + |∂h|u
1−µβt (x, h)||
)
dx
≤
∫ t
t0
a
2(a− b)(T − h) |G
b(h) \Ga(h)|dh+
∫ t
t0
(T − h) 12
a− b dh
∫
Gb(h)\Ga(h)
|∂h|u1−µ
β
t (x, h)||dx. 
Furthermore, from
(7.30) |Gb(h)| = |{b ≤ (T − h) 12 |u1−µβt (x, h)|}| ≤ T − h
b2
‖u1−µβt (h)‖2L2
we have∫
|Dχb,a((T − h) 12 |u1−µ
β
t (x, h)|)|dx ≤ (T − h) 12
∫
{b≤(T−h) 12 |u1−µ
β
t (x,h)|≤a}
|∇xu1−µ
β
t (x, h)|dx
≤ (T − h) 12 |{b ≤ (T − h) 12 |u1−µβt (x, h)| ≤ a}| 12 (
∫
Gb(h)\Ga(h)
|∇xu1−µ
β
t (x, h)|2dx) 12
≤ (T − h) 12 (T − h)
1
2
b
‖u1−µβt (h)‖L2(Gb(h)\Ga(h))‖∇xu1−µ
β
t (h)‖L2(Gb(h)\Ga(h)),
we deduce
(7.31)
H2
(
{(T − h) 12 |u1−µβt (x, h)| = σ∗(h)}
)
≤ T − h
b(a− b)‖u
1−µβt (h)‖L2‖∇xu1−µ
β
t (h)‖L2.
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Notice that
(7.32)∫ t
t0
(T − h) 12dh
∫
Gb(h)\Ga(h)
|∂h|u1−µ
β
t (x, h)||dx
=
∫ t
t0
(T − h) 12dh
∫
Gb(h)\Ga(h)
| u
1−µβt
|u1−µβt | ·
(
∆xu
1−µβt − (u · ∇xu+∇xp)1−µ
β
t
)
(x, h)|dx
≤ (T − t0)(
∫ t
t0
‖∆xu1−µ
β
t (h)‖2L2dh)
1
2 max
h
|Gb(h) \Ga(h)| 12
+ (T − t0) 12
∫ t
t0
(
|Gb(h) \Ga(h)| 12‖uµβt (h)‖L∞‖∇xu(h)‖L2 + ‖∇xu(h)‖L2‖u1−µ
β
t (h)‖L2
)
dh
≤ (T − t0)
(
‖∇xu1−µ
β
t (t0)‖L2 + (T − t)−54 ( 12−β)‖u(t0)‖
3
2
L2
)
max
h
|Gb(h) \Ga(h)| 12
+ (T − t0) 12
∫ t
t0
(
|Gb(h) \Ga(h)| 12‖uµβt (h)‖L∞‖∇xu(h)‖L2 + ‖∇xu(h)‖L2‖u1−µ
β
t (h)‖L2
)
dh
where (7.7) (see Lemma 7.2 ) and
∂lp
1−µβt = Rl
3∑
k=1
Rk
3∑
j=1
(uj∂juk)
1−µβt
= Rl
3∑
k=1
Rk
3∑
j=1
(u
µβt
j ∂ju
µβt ∩(1−µβt )
k + ∂ju
µβt
k u
µβt ∩(1−µβt )
j
+ u
µβt
j ∂ju
1−µβt
k + u
1−µβt
j ∂ju
1−µβt
k + ∂ju
µβt
k u
1−µβt
j ),
3∑
l=1
|
∫
Gb(h)\Ga(h)
u
1−µβt
l
|u1−µβt |
Rl
3∑
k=1
Rk
3∑
j=1
u
µβt
j ∂jukdx|
≤ |Gb(h) \Ga(h)| 12
3∑
l=1
‖Rl
3∑
k=1
Rk
3∑
j=1
u
µβt
j ∂juk‖L2(R3)
≤ |Gb(h) \Ga(h)| 12
3∑
k=1
3∑
j=1
‖uµ
β
t
j ∂juk‖L2(R3)
. |Gb(h) \Ga(h)| 12‖uµβt (h)‖L∞‖∇xu(h)‖L2,
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3∑
l=1
|
∫
Gb(h)\Ga(h)
u
1−µβt
l
|u1−µβt |
Rl
3∑
k=1
Rk
3∑
j=1
(u
1−µβt
j ∂ju
1−µβt
k + ∂ju
µβt
k u
1−µβt
j )dx|
≤
3∑
l=1
‖ u
1−µβt
l
|u1−µβt |
(h)‖L∞(R3)‖Rl
3∑
k=1
Rk
3∑
j=1
(u
1−µβt
j ∂ju
1−µβt
k + ∂ju
µβt
k u
1−µβt
j )(h)‖L1(R3)
.
3∑
k=1
‖
3∑
j=1
(u
1−µβt
j ∂ju
1−µβt
k + ∂ju
µβt
k u
1−µβt
j )(h)‖H1(R3)
. ‖u1−µβt (h)‖L2‖∇xu(h)‖L2
as well as similar estimates for (u · ∇xu)1−µβt were used. Utilizing Lemma 7.1 we
find
Lemma 7.9. Suppose (7.11) and for t0 < t < T there is t1 ∈ (t0, T ) such that
‖u1−µβt (h)‖L2 < B := 1
(2c1)
9
10 (2c2)
1
10
(
λt
ρβ(t)
) 1
2
+ 1
7
, t0 ≤ ∀h ≤ t1
as well as suppose
‖∇2u1−µβt (t0)‖2L2 < Z0 :=
1
(2c1B)6
.
Then for 0 < b < a, we have
(7.33)
|Gσ∗(h)λ1 (h) \Gσ
∗(h)(h)| ≤ c
3
20
2 (T − t)
3
8
− 27
28
( 1
2
−β)
b(a− b)(c1) 320
(T − t0)1+a1 , ∀h ∈ (t0, t1),
|Ga(t0, t1] \ gb(t0, t1]| ≤ a(t− t0)
2(a− b)b2 maxh ‖u
1−µβt (h)‖2L2
+
(T − t0)
a− b
(
‖∇xu1−µ
β
t (t0)‖L2 + (T − t)−54 ( 12−β)‖u(t0)‖
3
2
L2
)
max
h
|Gb(h) \Ga(h)| 12
+
(T − t0) 12
a− b
(
‖u0‖2L2(T − t)
−1
2
( 1
2
−β)max
h
|Gb(h)| 12 + ‖u0‖L2(t− t0) 12 max
h
‖u1−µβt (h)‖L2
)
.
P roof. The new increasing volume is derived from (7.29) (7.30) (7.32). Apply-
ing (7.31) the initial volume is bounded by
λ1H2
(
{(T − t0) 12 |u1−µ
β
t (x, t0)| = σ∗(t0)}
)
≤ (T − t0)
1+a1
b(a− b) ‖u
1−µβt (t0)‖L2‖∇xu1−µ
β
t (t0)‖L2
≤ (T − t0)
1+a1
b(a− b) ‖u
1−µβt (t0)‖
3
2
L2‖∇2xu1−µ
β
t (t0)‖
1
2
L2 ≤
(T − t0)1+a1
b(a− b) (T − t)
3
8
1
(2c1B)
3
2
=
(T − t0)1+a1
b(a− b)c
3
20
1
c
3
20
2 (T − t)
3
8
− 27
28
( 1
2
−β). 
For x ∈ ∂Gσ(h), let H(x, h) be the mean curvature of ∂Gσ(h). Observe from
(7.34) dH2(∂Gσλ1(h)(y) = (1 + λ1H(x, h))2dH2(∂Gσ(h))
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that due to the motion of the boundary ∂Gσλ1(h), the new increasing volume in
unit time equals to
∫
∂Gσλ1
(h)
|νσ(x, h)|dH2(x) =
∫
∂Gσ(h)
|νσ(x, h)|(1 + λ1H(x, h))2dH2(x).
By applying the general coarea formula to f(x, h) := (T − h) 12 |u1−µβt (x, h)| again
we have
(T − h) 12
∫
Gb(h)\Ga(h)
(1 + λ1H(x, h))
2ν(x, h)|∇x|u1−µ
β
t (x, h)||dx
=
∫ a
b
dσ
∫
∂Gσ(h)
(1 + λ1H(x, h))
2ν(x, h)dH2(x).
Integrate over [t0, t]
(7.35)
∫ t
t0
(T − h) 12
∫
Gb(h)\Ga(h)
(1 + λ1H(x, h))
2ν(x, h)|∇x|u1−µ
β
t (x, h)||dxdh
=
∫ t
t0
∫ a
b
∫
∂Gσ(h)
(1 + λ1H(x, h))
2ν(x, h)dH2(x)dσdh
=
∫ a
b
∫ t
t0
∫
∂Gσ(h)
(1 + λ1H(x, h))
2ν(x, h)dH2(x)dhdσ
= (a− b)
∫ t
t0
∫
∂Gσ∗∗(h)
(1 + λ1H(x, h))
2ν(x, h)dH2(x)dh
for some σ∗∗ ∈ (b, a). We find
|Gaλ1(t0, t] \ gbλ1(t0, t]|
≤ H3
(
∪th=t0λ1 − n.b. of{(T − h)
1
2 |u1−µβt (x, h)| ≥ σ∗∗} \ ∩th=t0λ1 − n.b. of
{(T − h) 12 |u1−µβt (x, h)| ≥ σ∗∗}
)
≤
∫ t
t0
dh
∫
∂Gσ∗∗(h)
(1 + λ1H(x, h))
2ν(x, h)dH2(x)
=
∫ t
t0
(T − h) 12
(a− b)
∫
Gb(h)\Ga(h)
|∇x|u1−µ
β
t (x, h)||(1 + λ1H(x, h))2ν(x, h)dxdh
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So the new increasing volume due to the motion of boundary is bounded by
(7.36)
|Gaλ1(t0, t] \ gbλ1(t0, t]| ≤∫ t
t0
dh
(T − h) 12
a− b
∫
Gb(h)\Ga(h)
(1 + λ1H(x, h))
2
(
a
2(T − h) 32 + |∂h|u
1−µβt (x, h)||
)
dx
≤
∫ t
t0
a
2(a− b)(T − h) |G
b(h) \Ga(h)|(1 + λ1H(x, h))2dh
+
∫ t
t0
(T − h) 12
a− b dh
∫
Gb(h)\Ga(h)
|∂h|u1−µ
β
t (x, h)||(1 + λ1H(x, h))2dx.
Furthermore, for x ∈ ∂Gσ(h), the level set expression of the mean curvature is
(7.37)
H(x, h) =
∆x|u1−µβt (x, h)|
|∇x|u1−µβt (x, h)||
− ∇x|u
1−µβt (x, h)|∇2x|u1−µ
β
t (x, h)|∇x|u1−µβt (x, h)|
|∇x|u1−µβt (x, h)||3
.
Let
Ω(h) := {x ∈ Gb(h) : |∇x|u1−µ
β
t (x, h)|| ≥
b
4
(T − h) 12+a1 }.
Clearly in Ω(h)
(7.38)
|H(x, h)| ≤ 4(T − h)
1
2
+a1
b
|∇2x|u1−µ
β
t (x, h)| ≤ 4(T − h)
1
2
+a1
b
(
|∇2xu1−µ
β
t (x, h)|+ |∇xu
1−µβt (x, h)|2
|u1−µβt (x, h)|
)
≤ 4(T − h)
1
2
+a1
b
(
|∇2xu1−µ
β
t (x, h)|+ (T − h)
1
2
b
|∇xu1−µ
β
t (x, h)|2
)
.
On the other hand, for x ∈ ∂Gσ∗∗(h) \ Ω(h),
|u1−µβt (y, h)| = |u1−µβt (x, h)| − λ1|∇|u1−µ
β
t (x, h)||+ |x− y|2 max
x′∈Gb/2(h)\Ga(h)
|∇2u1−µβt (x′, h)|
≥
b
2
(T − h) 12 , ∀|y − x| ≤ λ1
provided
(7.39) max
x′∈Gb/2(h)\Ga(h)
|∇2u1−µβt (x′, h)| ≤ b
4(T − h) 12+2a1 .
So we have
(7.40)
∂Gσ
∗∗
λ1 (h) \ Ω(h) ⊂ Gb/2(h),
∪t0≤h≤t∂Gσ
∗∗
λ1
(h) \ Ω(h) ⊂ (∪t0≤h≤tGb/2(h)) ⊂ (Gb/2(t0, t1] \ gb/4(t0, t1]) ∪Gb/4(t0).
We discover
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Lemma 7.10. Suppose (7.11)(7.39) and for t0 < t < T there is t1 ∈ (t0, T ) such
that
‖u1−µβt (h)‖L2 < B := 1
(2c1)
9
10 (2c2)
1
10
(
λt
ρβ(t)
) 1
2
+ 1
7
, t0 ≤ ∀h ≤ t1
as well as suppose
‖∇2u1−µβt (t0)‖2L2 < Z0 :=
1
(2c1B)6
.
Then for 0 < b < a, we have
(7.41)
|Gaλ1(t0, t1] \ gb(t0, t1]| ≤
c
3
20
2 (T − t)
3
8
− 27
28
( 1
2
−β)
b(a− b)(c1) 320
(T − t0)1+a1
+
∫ t
t0
a
2(a− b)(T − h)
∫
Gb(h)\Ga(h)
(1 + λ1H(x, h))
2dxdh
+
∫ t
t0
(T − h) 12
a− b dh
∫
Gb(h)\Ga(h)
|∂h|u1−µ
β
t (x, h)||(1 + λ1H(x, h))2dx.
Moreover
(7.42)
|Gaλ1(t0, t1] \ gb(t0, t1]| ≤ 2|Ga(t0, t1] \ gb(t0, t1]|+
c
3
20
2 (T − t)
3
8
− 27
28
( 1
2
−β)
b(a− b)(c1) 320
(T − t0)1+a1
+ 2
∫ t
t0
a
2(a− b)(T − h)
∫
(Gb(h)\Ga(h))∩Ω(h)
(λ1H(x, h))
2dxdh
+ 2
∫ t
t0
(T − h) 12
a− b dh
∫
(Gb(h)\Ga(h))∩Ω(h)
|∂h|u1−µ
β
t (x, h)||(λ1H(x, h))2dx
+ |Gb/2(t0, t1] \ gb/4(t0, t1]|+ |Gb/4(t0)|.
8. Assumption 1 is satisfied by scaling
We see that for T − t small so that
(T − t)β ≤ 1
2
+ α, (Assumption 2)
we have
(8.1)(
‖∆˜−1w(τ)‖2L2 + ‖
√
∆0w(τ)‖2L2
) 1
2
≤ (T − t)−14

∫
{|η|≤ 1
(T−t)
1
2−β
}
(
(T − t) 12 |η|
)2( 1
2
+2α)
|F [u](η, t)|2dη + 2‖u1−µβt (t)‖2L2


1
2
≤ (T − t)β( 12+2α)− 14‖uµβt (t)‖L2 + 2(T − t)−14 ‖u1−µ
β
t (t)‖L2 .
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For fixed α ∈ (0, 1
8
), if we take β ∈ (0, 1
2
) such that
(T − t)β( 12+2α)− 14‖uµβt (t)‖L2 ≤ δ
1
2
2
, (Assumption 3)
and
(T − t)−14 ‖u1−µβt (t)‖L2 ≤ δ
1
2
2
, (Assumption 4)
then, (3.11) is satisfied at t.
8.1. initial conditions. Suppose the constant δ > 0 (see Proposition 3.2) is
small enough and is fixed from now on, and suppose the initial data
‖u0‖L2 ≤ δ
1
2
2
.
Recall from the energy inequality for the Leray-Hopf solutions
‖u(T )‖2L2 +
1
2
∫ T
t
‖∇xu(h)‖2L2dh ≤ ‖u(t)‖2L2,
that there is hj ↑ T such that
(T − hj) 12‖∇xu(hj)‖L2 → 0, as j →∞.
We find
‖u(hj)‖L2 ≤ ‖u0‖L2 ≤ δ
1
2
2
, ‖∇u(hj)‖L2 ≤ δ
1
2
(T − hj) 12
.
Simply we assume
‖u0‖L2 ≤ δ
1
2
2
, ‖∇u0‖L2 ≤ δ
1
2
T
1
2
. (Assumption 5.0 )
Notice that (1.1) is invariant under the scaling
uλ(z, s) := λu(λz, λ
2s), pλ(z, s) := λ
2p(λz, λ2s)
for all λ ∈ (0,∞).
Observe that if (3.11) failed then
T
1
4 <
‖u0‖L2
δ
1
2
≤ 1
2
.
For all γ1 ∈ (0, 14) we have λγ :=
(
1
T
1
4−γ1
) 1
2γ1 = 1(
T
1
4−γ1
λγ
)2 (> 2
1
2γ1
−2
> 1) and
T
−1
4
+γ1
λγ
‖uλγ (0)‖L2 = λ−2γ1γ T
−1
4
+γ1‖u0‖L2 ≤ δ
1
2
2
where
Tλγ = λ
−2
γ T (< 2
−1
γ1 ) (→ 0 asγ1 → 0)
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is the new blow-up time for uλγ . On the other hand,
‖uλγ(0)‖L2 = λ−1/2γ ‖u0‖L2 ≤ λ−1/2γ
δ
1
2
2
≤ (1
2
)
1
4γ1
−1 δ
1
2
2
, (→ 0 asγ1 → 0)
‖∇zuλγ(0)‖L2 = λ1/2γ ‖∇xu0‖L2 ≤
λ
1/2
γ δ
1
2
T
1
2
=
δ
1
2
λ
1
2
γ T
1
2
λγ
=
δ
1
2
T
1
4
+γ1
λγ
.
Without loss of generality we assume

T < (
1
2
)
1
γ1 ,
‖u0‖L2 ≤ (1
2
)
1
4γ1
−1 δ
1
2
2
, ‖∇u0‖L2 ≤ δ
1
2
T
1
4
+γ1
, (Assumption 5 )
T
−1
4
+γ1‖u0‖L2 ≤ δ
1
2
2
for all γ1 ∈ (0, 1
100
).
8.2. scaling. For t ∈ (0, T ), for β ∈ (0, 1
2
) , note that at tλ := λ
−2t
‖u1−µ
β
tλ
λ (tλ)‖L2 = λ−
1
2

∫
{|η|≥ 1
λ2β (T−t)
1
2−β
}
(
1− ϕ(λ2β(T − t) 12−β|η|)
)2
|F [u](η, t)|2dη


1
2
.
From now on we take
(8.2) λ = (T − t) 12− 1α1 , α1 ∈ (4β, 2).
Observe that
(8.3)
for α1 > 4β: |η| ≥ 1
λ2β(T − t) 12−β =
1
(T − t) 12− 2βα1
→∞, as T − t→ 0,
for α1 > 0: (Tλ − tλ) = (T − t)
2
α1 → 0 as T − t→ 0,
for α1 < 2: λ = (T − t)
1
2
− 1
α1 = (Tλ − tλ)
α1
4
− 1
2 →∞ as T − t→ 0.
Lemma 8.1. Suppose assumption 5, and take a, α, α1 and β as well as β¯ such
that

(1) a ∈ ((1
2
)
1
4γ1
−1
δ
1
2 ,
3
1250C1
), α ∈ (0, 1
8
), β ∈ [max{ α1
4(1 + 4α)
,
1
9
}, 1
2
)
(2) α1 ∈
(
400
99
β,min{100
23
,
1306
323
}β
)
(3) β¯ ∈
(−(α1 − 4β)
4− 2α1 ,
(−1)(α1 − 4β)
8(1− β)− 2α1
)
.


(Assumption 6)
Let T ∗ = T 1+4γ1 and
(8.4) t = T − (T − T ∗)
1−2β¯
1−2β¯− 4α1
(β−β¯) .
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Then T ∗ < t < T and at tλ = t/λ2, assumption 2, 3 and 4 are satisfied for
uλ(z, tλ) provided γ1 ∈ (0, 1100) is small enough. That is, assumption 1 in (3.11)
is satisfied at τβ = − ln(Tλ − tλ) where
wλ(y, τ) := (Tλ − tλ) 12uλ(z, tλ), y := 1
(Tλ − tλ) 12
z, τ := − ln(Tλ − tλ).
Remark 8.2. For example, we may take
α =
1
16
, α1 =
4002
990
β =
4002
6435
, β =
2
13
, β¯ ∈ (−21
8868
,
−21
17778
).
P roof. Step 1. Recall from Proposition 3.2 if assumption 1 failed then
T
−1
4 ‖u0‖L2 > δ 12 .
Furthermore from assumption 5
(8.5) T < (
1
2
)
1
γ1 .
On the other hand for −(α1−4β)
4−2α1 < β¯ < β, we have
1− 2β¯ − 4
α1
(β − β¯) > 0, 1− 2β¯
1− 2β¯ − 4
α1
(β − β¯) > 1.
We find
T ∗ < t < T
and
(8.6)
T − t = (T − T ∗)
1−2β¯
1−2β¯− 4α1
(β−β¯) ≥ (1− 1
24
)
1−2β¯
1−2β¯− 4α1
(β−β¯)T
1−2β¯
1−2β¯− 4α1
(β−β¯)
≥
(
(1− 1
24
)(
2
δ
1
2
)
1
1
4−γ1
) 1−2β¯
1−2β¯− 4α1
(β−β¯) ‖u0‖
1−2β¯
( 14−γ1)(1−2β¯− 4α1 (β−β¯))
L2
≥ ‖u0‖
1−2β¯
( 14−γ1)(1−2β¯− 4α1 (β−β¯))
L2
since
(1− 1
24
)(
2
δ
1
2
)4 ≥ 1.
Step 2. Recall from assumption 5: ‖∇u0‖L2 ≤ δ
1
2
T
1
4+γ1
, and Proposition 5.1 with
T ∗ = T 1+4γ1 that
(8.7)
‖F [ω](T ∗)‖
L2(|η|≥1/(T−t)
1
2−
2β
α1 )
≤ 1
2M2(T ∗)
1
4
exp[
−√T ∗
(T − t) 12− 2βα1
]
=
1
2M2T
1
4
+γ1
exp[
−T 12+2γ1
(T − T ∗)
( 12−
2β
α1
)(1−2β¯)
1−2β¯− 4α1
(β−β¯)
]
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which exponentially decays as T ↓ 0 provided
(1
2
− 2β
α1
)(1− 2β¯)
1− 2β¯ − 4
α1
(β − β¯) >
1
2
+ 2γ1,
or equivalently
(8.8) β¯ ∈
(−(α1 − 4β)
4− 2α1 ,
(−γ1)(α1 − 4β)
(1− 2β) + 2γ1(2− α1)
)
.
Note that (8.8) follows from assumption 6(3).
We discover
(8.9)
‖u1−µ
β
tλ
λ (T
∗
λ )‖L2 ≤ (Tλ − tλ)
1
2
−β‖∇zu1−µ
β
tλ
λ (T
∗
λ )‖L2 = (Tλ − tλ)
1
2
−βλ
1
2‖F [ω](T ∗)‖
L2(|η|≥1/(T−t)
1
2−
2β
α1 )
≤ (Tλ − tλ)
1
2
−βλ
1
2
2M2T
1
4
+γ1
exp[
−T 12+2γ1
(T − T ∗)
( 12−
2β
α1
)(1−2β¯)
1−2β¯− 4α1
(β−β¯)
]
≤ δ
1
2
4
(Tλ − tλ) 14
provided γ1 > 0 is small enough (so T is small enough), where (8.2)(8.4)(8.5)(8.7)(8.8)
and assumption 5-6 were used.
Step 3. (8.2)(8.4) imply
(8.10) (Tλ − tλ)1−2β = (Tλ − T ∗λ )1−2β¯
and
(8.11) tλ − T ∗λ = tλ − Tλ + (Tλ − tλ)
1−2β
1−2β¯ = At(Tλ − tλ)
1−2β
1−2β¯ ≤ (Tλ − tλ)
1−2β
1−2β¯
where
At := 1− (Tλ − tλ)
2(β−β¯)
1−2β¯ ∈ (0, 1).
During s ∈ [T ∗λ , Tλ), we recall from the uλ version of (7.1) that
1
2
d
ds
‖u1−µ
β
tλ
λ (s)‖2L2 = (−)‖∇zu
1−µβtλ
λ (s)‖2L2− < u
1−µβtλ
λ (s)∂ju
1−(1−µβtλ )
2
λ (s), u
(1−µβtλ )
2
λ (s) >
− < ∇z
(
u
µβtλ
∩(1−µβtλ )
λ,j ∂ju
1−(1−µβtλ )
2
λ
)
(s),∇−1z u
(1−µβtλ )
2
λ (s) >
− < ∇z
(
u
µβλ
λ,j∂ju
(1−(1−µβtλ )
2)∩(1−µβtλ )
λ
)
(s),∇−1z u
(1−µβtλ )
2
λ (s) >
50
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We find
(8.12)
d
ds
‖u1−µ
β
tλ
λ (s)‖2L2 ≤ (−2)‖∇zu
1−µβtλ
λ (s)‖2L2
+ cII‖∇zu
µβtλ
λ (s)‖L∞(Ga,c
−λ1
(t0λ ,tλ])‖u
1−µβtλ
λ (s)‖L2(Ga,c
−λ1
(t0λ,tλ])‖u
1−µβtλ
λ (s)‖L2(Ga,c
−λ1
(t0λ,tλ])
+ cII
∑
m1+m2=1
‖∇m1z u
µβtλ
∩(1−µβtλ )
λ (s)‖L2(Ga,c
−λ1
(t0λ,tλ])
× ‖∇1+m2z u
µβtλ
λ (s)‖L3(Ga,c
−λ1
(t0λ,tλ])‖∇−1z u
1−µβtλ
λ (s)‖L6(Ga,c
−λ1
(t0λ,tλ])
+ cII‖∇zuµ
β
tλ
λ (s)‖L∞(Gaλ1 (t0λ,tλ])‖u
1−µβtλ
λ (s)‖L2(Gaλ1 (t0λ,tλ])‖u
1−µβtλ
λ (s)‖L6(Gaλ1 (t0λ,tλ])|G
a
λ1
(t0λ, tλ]| 13
+ cII
∑
m1+m2=2
‖∇m1z u
µβtλ
λ (s)‖L∞(Gaλ1 (t0λ,tλ])
× ‖∇m2z u
µβtλ
∩(1−µβtλ )
λ (s)‖L∞(Gaλ1 (t0λ,tλ])‖∇
−1
z u
1−µβtλ
λ (s)‖L6(Gaλ1 (t0λ,tλ])|G
a,c
−λ1(t0λ, tλ]|
5
6
where m1 = 0, 1. Note
(8.13) ‖∇zu
1−µβtλ
λ (s)‖L2 ≥ (Tλ − tλ)β−
1
2‖u1−µ
β
tλ
λ (s)‖L2.
In view of (8.9), the right side of (8.12) at T ∗λ is negative, and we have this lemma
provided the right side of (8.12) for s ∈ (T ∗λ , tλ] is negative.
Step 4. Take
(8.14) λ1 = (Tλ − T ∗λ )a1 , for
1
2
≤ a1 < 1 .
Recall that
(Tλ − tλ) 32 (β− 12 )‖u
µβtλ
λ (s)‖L2 ≤ (Tλ − tλ)
3
2
(β− 1
2
)λ
−1
2 ‖u0‖L2 ≤ a
2(Tλ − T ∗λ )
1
2
, ∀s ∈ (T ∗λ , tλ]
provided (s0 = T
∗
λ )
(8.15)


(
1
2
)
1
4γ1
−1
δ
1
2 ≤ a,
β¯ ≥ (−)(α1 − 4β)
24β − 8− 2α1 .
The second condition in (8.15) follows from (8.8) since for β ∈ (0, 1
2
)
(−1)(α1 − 4β)
4− 2α1 >
(−)(α1 − 4β)
24β − 8− 2α1 .
Note also that (8.15) follows from assumption 6(1)(3).
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In light of Lemma7.4 (2) then we see for s ∈ [T ∗λ , tλ]
‖∇zu
µβtλ
λ (s)‖L2(Ga,c
−λ1
(T ∗λ ,tλ])
≤ ‖∇zuλ(T ∗λ )‖L2(Ga,c
−λ1
(T ∗λ ,tλ])
+ C
1
2
2 ‖uλ(T ∗λ )‖L2
(
Tλ − T ∗λ
Tλ − s
)C1a
2
λ−11
≤ 1
2M2
λ−2γ1T
−( 1
4
+γ1)
λ + C
1
2
2 ‖uλ(T ∗λ )‖L2
(
Tλ − T ∗λ
Tλ − tλ
)C1a
2
λ−11
≤ ( 1
2M2
+ C
1
2
2 )(Tλ − tλ)
1
4
(1−α1
2
)−C1a
2
−(a1−C1a2 )
(
1−2β
1−2β¯
)
+( 1
4
−γ1)
(
α1
2
−1+ 1−2β
1−2β¯
)
=: K1(s)
and
‖∇zu
µβtλ
λ (s)‖L2(Gaλ1(T ∗λ ,tλ]) ≤ ‖∇
5
2
z u
µβtλ
λ (s)‖L2|Gaλ1(T ∗λ , tλ]|
1
2
≤
(
2
b
)
(Tλ − T ∗λ )
1
2‖∇
5
2
z u
µβtλ
λ (s)‖L2‖u
1−µβtλ
λ (s)‖L2(gb(T ∗λ ,tλ]) + |Gaλ1(T ∗λ , tλ] \ gb(T ∗λ , tλ]|
1
2‖∇
5
2
z u
µβtλ
λ (s)‖L2
=: K2(s) +K3(s)
provided (8.15) are satisfied, where C1 and C2 are universal constants, and
Ga(s) := {z ∈ R3 : |uλ(z, s)| > a
(Tλ − s) 12
}, ∀s ∈ (T ∗λ , tλ]
Ga(T ∗λ , tλ] := ∪T ∗λ<s≤tλGa(s), Ga,c(T ∗λ , tλ] := R3 \Ga(T ∗λ , tλ],
Ga,c−λ1(T
∗
λ , tλ] := {z ∈ Ga,c(T ∗λ , tλ], dist(z, Ga(T ∗λ , tλ]) > λ1} = R3 \Gaλ1(T ∗λ , tλ],
ga(T ∗λ , tλ] := ∩T ∗λ<s≤tλGa(s).
Sometimes we also use Ga and Ga,c as well as ga instead of Ga(t0, t] and G
a,c(t0, t]
as well as ga(t0, t].
Suppose (8.8). Then ‖∇2zu
1−µβtλ
λ (T
∗
λ )‖2L2 decays exponentially as (Tλ − tλ) ↓ 0.
Furthermore suppose (8.15). Then
‖∇2zu
1−µβtλ
λ (T
∗
λ )‖2L2 < Z0, Gb(T ∗λ ) = ∅.
Suppose for s ∈ (T ∗λ , s1)
‖u1−µ
β
tλ
λ (s)‖L2 ≤
δ
1
2
4
(Tλ − tλ) 14 .
Then for s ∈ (T ∗λ , s1)
‖u1−µ
β
tλ
λ (s)‖L2 < B
provided
(8.16) β ≥ 1
9
.
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On the other hand, utilize (7.8) and Lemma7.1
‖∇2zu
1−µβtλ
λ (s)‖L∞ ≤ ‖∇
2+ 3
2
z u
1−µβtλ
λ (s)‖L2 ≤ [Re1−µ
β
tλ (s)]
1
7‖∇4zu
1−µβtλ
λ (s)‖
6
7
L2
≤ (Tλ − tλ) 17 ( 2756β− 3112α1)+ 2714 ( 12−
α1
4
)− 69
14
( 1
2
−β).
Similarly
‖∇zu1−µ
β
tλ
λ (s)‖2L∞ ≤ ‖∇3zuλ(s)‖
3
5
L2[Re
1−µβtλ (s)]
2
5
≤ (Tλ − tλ) 85 ( 12−
α1
4
)− 28
5
( 1
2
−β)+ 2
5
( 27
56
β− 3
112
α1).
We can check that (7.39) is satisfied provided
(8.17) α1 <
1306
323
β.
Furthermore,
λ1|H(z, s)| . 1
provided (8.17) and
(8.18) α1 <
1902
465
β.
Clearly (8.17) implies (8.18).
Recall Lemma 7.9 and Lemma 7.10, and note that the 3rd and 4th term in
the right side of (7.41) (the terms where H is involved) are less than |Gaλ1 \ gb|
provided (8.17) . We discover
|Gaλ1(T ∗λ , s1] \ gb(T ∗λ , s1]| ≤
c
3
20
2 (Tλ − tλ)
3
8
− 27
28
( 1
2
−β)
b(a− b)(c1) 320
(Tλ − T ∗λ )1+a1 +
a(tλ − T ∗λ )
2(a− b)b2 (Tλ − tλ)
1
2
+
(Tλ − T ∗λ )
3
2
b(a− b) (Tλ − tλ)
1
4
− 5
4
( 1
2
−β)‖uλ(0)‖
3
2
L2
+
(Tλ − T ∗λ )
1
2
a− b
(
1
b
‖uλ(0)‖2L2(Tλ − tλ)
−1
2
( 1
2
−β)+ 1
4 (Tλ − T ∗λ )
1
2 + ‖uλ(0)‖L2(tλ − T ∗λ )
1
2 (Tλ − tλ) 14
)
. (Tλ − tλ)
3
8
− 27
28
( 1
2
−β)+(1+a1) 1−2β1−2β¯+
3
16
( 1
2
−α1
4
)
+ (Tλ − tλ)
1
2
+ 1−2β
1−2β¯
+ (Tλ − tλ)
1
4
− 5
4
( 1
2
−β)+ 3
2
(
1−2β
1−2β¯
)
+ 3
4
( 1
2
−α1
4
)
+ (Tλ − tλ)
1
2
+β
2
−α1
4
+ 1−2β
1−2β¯
. (Tλ − tλ)
1
4
− 5
4
( 1
2
−β)+ 3
2
(
1−2β
1−2β¯
)
+ 3
4
( 1
2
−α1
4
)
=: |Gaλ1 \ gb|
where we utilize
c2 ≤ C‖uλ(0)‖
5
2
L2, (see Lemma 7.1)
0 <
3
8
− 27
28
(
1
2
− β) + (1 + a1)1− 2β
1− 2β¯ +
3
16
(
1
2
− α1
4
)
−
(
1
4
− 5
4
(
1
2
− β) + 3
2
(
1− 2β
1− 2β¯
)
+
3
4
(
1
2
− α1
4
)
)
≈ −3
224
− 2
7
β +
9
64
α1, ⇐ (α1 > 4β, β > 3
62
)⇐ ((8.16)),
53
Jian Zhai
and
0 <
1
2
+
β
2
− α1
4
+
1− 2β
1− 2β¯ −
(
1
4
− 5
4
(
1
2
− β) + 3
2
(
1− 2β
1− 2β¯
)
+
3
4
(
1
2
− α1
4
)
)
≈ 3
4
β − 3
16
α1, ⇐ (4β < α1).
Claim 1.(1)Suppose (8.8)(8.15)(8.16) and for s ∈ (T ∗λ , s1)
‖u1−µ
β
tλ
λ (s)‖L2 ≤
δ
1
2
4
(Tλ − tλ) 14 .
Then
|Gaλ1(T ∗λ , s1] \ gb(T ∗λ , s1]| . (Tλ − tλ)
1
4
− 5
4
( 1
2
−β)+ 3
2
(
1−2β
1−2β¯
)
+ 3
4
( 1
2
−α1
4
)
= |Gaλ1 \ gb|.
(2)Assumption 6(3) implies
1− α1
2
<
1− 2β
1− 2β¯ = 1−
α1
2
+ θ(
α1
4
− β), for some θ ∈ (0, 1).
(3) For b = a/2, a1 ↓ 12 and γ1 small enough, as well as
(8.19) 4β < α1 ≤ (100
23
)β,
we have
K2 ≤ K1, K3 ≤ K1.
Moreover
|Gaλ1 \ gb| ≤ (Tλ − tλ)(
1
2
−α1
4
)+( 1
2
+a1)
1−2β
1−2β¯ .
(4)Suppose
‖∇zu1−µ
β
tλ
λ (s1)‖L2 < K1
at some s1 ∈ (T ∗λ , tλ). Then for
T ∗∗λ := s1 +K
−4
1
we have
‖∇zuλ(T ∗∗λ )‖L2(|ξ|≥(Tλ−tλ)−( 12−β)) ≤
1
2M2(T ∗∗λ − s1)
1
4
exp[
(−)K−21
(Tλ − tλ) 12−β
]
≤ 1
2M2(T ∗∗λ − s1)
1
4
exp[
(−1)
(Tλ − tλ)(1−2a1)−β+(a1− 14−
C1a
2
)α1−(2a1−C1a−2( 14−γ1))θ(
α1
4
−β)
]
which decays to zero exponentially as Tλ − tλ → 0, provided
(8.20)
0 < (1− 2a1)− β + (a1 − 1
4
− C1a
2
)α1 − (2a1 − C1a− 2(1
4
− γ1))θ(α1
4
− β),
(α1 >
24β + 50C1a
6− 25
2
C1a
for a1 ↓ 1
2
, γ1 ∈ (0, 1
100
)).
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Claim 1(4) follows from Proposition 5.1 where T ∗∗λ < Tλ because Tλ is supposed
as the blow-up time, and Claim 1(3) follows from
0 < (−)5
2
(
1
2
− β) + 1
4
+ (
1
2
+ a1)
1− 2β
1− 2β¯
≈ 5
2
β − α1
2
, ⇐ (8.19)
and
0 < (−)5
2
(
1
2
− β) + 1
2
(
1
4
− 5
4
(
1
2
− β) + 3
2
(
1− 2β
1− 2β¯
)
+
3
4
(
1
2
− α1
4
)
)
+
C1a
2
+ (a1 − C1a
2
)
1− 2β
1− 2β¯
≈
25
8
β − (23
32
− C1a
4
)α1, ⇐ (8.19)
as well as
0 <
1
4
− 5
4
(
1
2
− β) + 3
2
(
1− 2β
1− 2β¯
)
+
3
4
(
1
2
− α1
4
)− (1
2
− α1
4
)− (1
2
+ a1)
1− 2β
1− 2β¯
≈ 1
4
− 5
4
(
1
2
− β)− 1
4
(
1
2
− α1
4
) +
1
2
(1− α1
2
) =
5
4
β − 3
16
α1, ⇐ (8.19).
Step 5. In light of Claim 1(4), we suppose
‖∇zu1−µ
β
tλ
λ (s1)‖L2 ≥ K1.
Otherwise, for T ∗∗λ < tλ we can replace T
∗
λ by T
∗∗
λ , and for T
∗∗
λ ≥ tλ we can get
Lemma 8.1 by replacing tλ by T
∗∗
λ and noting that
Tλ − tλ ≥ Tλ − T ∗∗λ = Tλ − s1 −K−41 > Tλ − tλ −K−41 ,
‖u
1−µβ
T∗∗
λ
λ (T
∗∗
λ )‖L2 ≤ ‖u
1−µβtλ
λ (T
∗∗
λ )‖L2 ≤
δ
1
2
4
(Tλ − T ∗∗λ )
1
4 .
In view of (7.14) (7.15), similarly we have
(8.21)
‖uµ
β
tλ
λ (s)‖L∞(Ga,c
−λ1
(T ∗λ ,tλ])
≤ ‖ψ1u
µβtλ
λ (s)‖L∞
≤ ‖(ψ1uλ)µ
β
tλ (s)‖L∞ + (Tλ − tλ) 12−β‖F−1η [ϕ′(
λtλ
ρβ(tλ)
η)] ∗ (ψ′1u)‖L∞
≤ (Tλ − tλ)−12 ( 12−β)‖ψ1∇zuµ
β
tλ
λ (s)‖L2 + C(Tλ − tλ)
−1
2
( 1
2
−β)λ−11 ‖uλ(s)‖L2
. (Tλ − tλ)−12 ( 12−β)K1
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and
(8.22)
‖∇zu
µβtλ
λ (s)‖L∞(Ga,c
−λ1
(T ∗λ ,tλ])
≤ ‖ψ1∇zu
µβtλ
λ (s)‖L∞
≤ ‖∇z(ψ1uλ)µ
β
tλ (s)‖L∞ + ‖F−1η [
λtλ
ρβ(tλ)
ηϕ′(
λtλ
ρβ(tλ)
η)] ∗ (ψ′1uλ)‖L∞
. (Tλ − tλ)−32 ( 12−β)
(
‖ψ1∇zu
µβtλ
λ (s)‖L2 + λ−11 ‖u
µβtλ
λ (s)‖L2(Ga,c(T ∗λ ,tλ]\Ga,c−λ1(T ∗λ ,tλ])
)
. (Tλ − tλ)−32 ( 12−β)K1
as well as
‖∇mz u
µβtλ
∩(1−µβtλ )
λ (s)‖L2(Ga,c
−λ1
(T ∗λ ,tλ])
≤ ‖ψ1∇mz u
µβtλ
∩(1−µβtλ )
λ (s)‖L2
≤ ‖∇mz (ψ1uλ)µ
β
tλ
∩(1−µβtλ )(s)‖L2 + (Tλ − tλ) 12−β‖F−1η [ϕ′′(
λtλ
ρβ(tλ)
η)] ∗ (ψ′1∇mz uλ)‖L2
. (Tλ − tλ)−(m−1)( 12−β)‖ψ1∇zuµ
β
tλ
∩(1−µβtλ )
λ (s)‖L2 + (Tλ − tλ)−(m−1)(
1
2
−β)λ
−1
2 λ−11 ‖u0‖L2
. (Tλ − tλ)−(m−1)( 12−β)K1,
and
‖∇m+1z u
µβtλ
λ (s)‖L3(Ga,c
−λ1
(T ∗λ ,tλ])
≤ ‖ψ1∇m+1z u
µβtλ
λ (s)‖L3
≤ ‖∇m+1z (ψ1uλ)µ
β
tλ (s)‖
1
2
L2‖∇m+2z (ψ1uλ)µ
β
tλ (s)‖
1
2
L2
+ (Tλ − tλ) 12−βλ−11 ‖∇m+1z uλ)µ
β
tλ
∩(1−µβtλ )(s)‖
1
2
L2‖∇m+2z uλ)µ
β
tλ
∩(1−µβtλ )(s)‖
1
2
L2
. (Tλ − tλ)−(m+ 12 )( 12−β)‖ψ1∇zuµ
β
tλ
λ (s)‖L2 + (Tλ − tλ)−(m+
1
2
)( 1
2
−β)λ
−1
2 λ−11 ‖u0‖L2
. (Tλ − tλ)−(m+ 12 )( 12−β)K1.
In view of (8.9) (8.14)(8.21)(8.22), the right of (8.12) is negative provided
(8.23)
‖∇zu
1−µβtλ
λ (s)‖2L2 & (Tλ − tλ)
−3
2
( 1
2
−β)
(
‖(ψ1∇uλ)µ
β
tλ (s)‖L2
+λ−11 ‖u
µβtλ
λ (s)‖L2(Ga,c(T ∗λ ,tλ]\Ga,c−λ1(T ∗λ ,tλ])
)
‖u1−µ
β
tλ
λ (s)‖L2(Ga,c
−λ1
(t0λ,tλ])
(
‖u1−µ
β
tλ
λ (s)‖L2(Ga,c
−λ1
(t0λ,tλ])
+‖uµ
β
tλ
∩(1−µβtλ )
λ (s)‖L2(Ga,c
−λ1
(t0λ,tλ])
)
=: J1(s) + J2(s)
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and
(8.24)
‖∇zu
1−µβtλ
λ (s)‖2L2 &
(Tλ − tλ)−2( 12−β)‖u
µβtλ
λ (s)‖L∞(Gaλ1 )‖∇
−1
z u
1−µβtλ
λ (s)‖L6(Gaλ1 (t0λ,tλ])‖u
µβtλ
∩(1−µβtλ )
λ (s)‖L∞(Gaλ1 (t0λ,tλ])|G
a
λ1|
5
6
+ (Tλ − tλ)−( 12−β)‖u
µβtλ
λ (s)‖L∞(Gaλ1 )‖u
1−µβtλ
λ (s)‖L2(Gaλ1(t0λ ,tλ])‖u
1−µβtλ
λ (s)‖L6(Gaλ1 (t0λ,tλ])|G
a
λ1|
1
3
=: J3(s) + J4(s)
where (∫
Gaλ1
dz
) 5
6
.
(∫
gb
|u1−µ
β
tλ
λ (z, s)|2dz
) 5
6
(
Tλ − T ∗λ
b2
) 5
6
+ |Gaλ1 \ gb|
5
6
=: L1 + L2,
and (∫
Gaλ1
dz
) 2
3
.
(∫
gb
|u1−µ
β
tλ
λ (z, s)|2dz
) 2
3
(
Tλ − T ∗λ
b2
) 2
3
+ |Gaλ1 \ gb|
2
3
=: L3 + L4.
First note
J1 . (Tλ−tλ)−32 ( 12−β)K1‖u
1−µβtλ
λ (s)‖2L2 ≤ K1(Tλ−tλ)−(
1
2
−β)‖u1−µ
β
tλ
λ (s)‖L2 . ‖∇zu
1−µβtλ
λ (s)‖2L2
provided
(8.25) β > 0.
Next note that J2 . K
2
1 provided
0 <
−1
2
(
1
2
− β) + 1
4
=
β
2
,
that is (8.25) again.
On the other hand,
(8.26)
J3L1 := (Tλ − tλ)−2( 12−β)‖uµ
β
tλ
λ (s)‖L∞(Gaλ1 )‖∇
−1
z u
1−µβtλ
λ (s)‖L6(Gaλ1 (t0λ ,tλ])‖u
µβtλ
∩(1−µβtλ )
λ (s)‖L∞(Gaλ1 (t0λ,tλ])
×
(∫
gb
|u1−µ
β
tλ
λ (z, s)|2dz
) 5
6
(
Tλ − T ∗λ
b2
) 5
6
. (Tλ − tλ)−5( 12−β)‖uλ(s)‖2L2‖u
1−µβtλ
λ (s)‖
1+ 5
3
L2
(
Tλ − T ∗λ
b2
) 5
6
J3L1 is controlled by ‖∇zu
1−µβtλ
λ (s)‖2L2 > K21 provided
0 < −5(1
2
− β) + 1
4
(1 +
5
3
) + (
5
6
+ 2a1 − C1a)
(
1− 2β
1− 2β¯
)
+ C1a
≈ 5β − (11
12
− c1a
2
)α1.
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That is J3L1 is controlled by ‖∇zu1−µ
β
tλ
λ (s)‖2L2 provided
(8.27) α1 <
5β
11
12
− C1a
2
.
On the other hand
J4L3 = (Tλ − tλ)−( 12−β)‖uµ
β
tλ
λ (s)‖L∞(Gaλ1 )‖u
1−µβtλ
λ (s)‖L2(Gaλ1 (t0λ,tλ])‖u
1−µβtλ
λ (s)‖L6(Gaλ1 (t0λ,tλ])
×
(∫
Ga
|u1−µ
β
tλ
λ (z, s)|2dz
) 1
3
(
Tλ − T ∗λ
a2
) 1
3
. (Tλ − tλ)−52 ( 12−β)‖u
µβtλ
λ (s)‖L2‖u
1−µβtλ
λ (s)‖L6(Gaλ1 )‖u
1−µβtλ
λ (s)‖
1+ 2
3
L2
(
Tλ − T ∗λ
a2
) 1
3
.
J4L3 is controlled by ‖∇zu
1−µβtλ
λ (s)‖2L2 > K1‖∇zu
1−µβtλ
λ (s)‖L2 provided
0 <
−5
2
(
1
2
− β) + 1
4
(1 +
2
3
) +
1
3
(
1− 2β
1− 2β¯
)
+
C1a
2
+ (a1 − C1a
2
)
(
1− 2β
1− 2β¯
)
≈
5
2
β − (1
6
+
1
4
− C1a
4
)α1
as a1 ↓ 12 . That is
(8.28) α1 <
5β
5
6
− C1a
2
.
Step 6. On the other hand,
J3L2 . (Tλ − tλ)−5( 12−β)‖u
µβtλ
λ (s)‖2L2‖u
1−µβtλ
λ (s)‖L2|Gaλ1 \ gb|
5
6
and J3L2 is controlled by ‖∇zu1−µ
β
tλ
λ (s)‖2L2 > K21 provided
0 <
1
4
− 5(1
2
− β) + 5
6
(
1
2
+ a1)(
1− 2β
1− 2β¯ ) +
5
6
(
1
2
− α1
4
) + C1a+ 2(a1 − C1a
2
)(
1− 2β
1− 2β¯ )
≈ 5β − ( 5
12
+
5
24
+
1
2
− C1a
2
)α1
as a1 ↓ 12 . That is
(8.29) α1 <
5β
9
8
− C1a
2
.
Furthermore
J4L4 . (Tλ − tλ)−( 12−β)‖uµ
β
tλ
λ (s)‖L∞(Gaλ1 )‖u
1−µβtλ
λ (s)‖L2(Gaλ1 )‖u
1−µβtλ
λ (s)‖L6(Gaλ1 )|G
a
λ1
\ gb| 13
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and J4L4 is controlled by ‖∇zu1−µ
β
tλ
λ (s)‖2L2 > K1‖∇zu
1−µβtλ
λ (s)‖L2 provided
0 <
−5
2
(
1
2
− β) + 1
4
+
1
3
(
1
2
+ a1)(
1− 2β
1− 2β¯ ) +
1
3
(
1
2
− α1
4
) +
C1a
2
+ (a1 − C1a
2
)(
1− 2β
1− 2β¯ )
≈
5β
2
− (1
2
− C1a
4
)α1
as a1 ↓ 12 . That is
(8.30) α1 <
5β
1− C1a
2
.
For C1a <
3
1250
we have (8.20)(8.27)(8.28)(8.29)(8.30). For γ1 small enough,
Assumption 6 implies (8.8)(8.15)(8.16)(8.17) (8.19)(8.20)(8.27)(8.28)(8.29)(8.30).

8.3. proof of theorem 1.1. Because (1.1) as well as (T − t)−14 ‖u(t)‖L2 are
invariant under the scaling
uλ(x, t) := λu(λx, λ
2t), pλ(x, t) := λ
2p(λx, λ2t)
for all λ ∈ (0,∞), for any u0 ∈ L2(R3) satisfies assumption 5, there is λ ∈ (0,∞)
such that for uλ, assumption 1 in Proposition 3.2 is satisfied at some τ0. From
Lemma 4.1-4.3 and Proposition 3.2, as well as former results on the estimate
from below for ‖∇2zuλ(s)‖L2 near the blow-up or the Serrin regularity condition
of Leray-Hopf solutions (see, for example, [19][35][45][52]), we discover that uλ
can be extended smoothly over Tλ. Finally we proved Theorem 1.1.
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